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"nie  analysis  shows  that  each  layer  is  represented  by  three  acoustic 
transmission  lines;  in  general,  these  lines  possess  unequal  characteristic 
Immittances  smd  propagation  wavenumbers.  At  the  Interface  between  any  two 
layers,  the  six  transmission  lines  (three  from  each  side)  are  Interconnected 
by  transformer  elements. 

The  circuit  descriptions  obtained  constitute  a first  rigorous 
representation  for  the  canonical  cases  of  thickness-  and  lateral-field 
excitation  of  the  three  thickness  modes  of  vibration  of  crystals  with 
arbitrary  anisotropy. 

The  circuits  have  been  realized  in  such  a fashion  that  the  overall 
result  for  a multi-layered  structure  is  built  up  by  the  simple  interconnection 
of  basic  blocks  of  identical  form,  with  each  block  accounting  for  the  behavior 
of  one  layer. 

An  example  demonstrates  the  application  of  these  networks  to  the 
development  of  actual  devices  and  illustrates  the  systematic,  efficient 
and  practical  aspects  of  the  network  characterization  developed. 
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SUMMARY 


The  principal  puiTpoae  of  this  study  is  to  derive  exact  equivalent 
network  representations  for  the  quasi-static  electromechanical  behavior  of 
crystal  stacks  that  ar«  piezoelectrically  driven  in  thickness  modes  of 
vibration.  The  stacked  structure  may  consist  of  any  number  of  layers, 
which  are  considered  infinite  in  lateral  extent,  so  that  all  field  varia- 
tions are  with  respect  to  the  thickness  coordinate  only.  Each  layer 
consists  of  a homogeneous,  but  arbitrarily  anisotropic  crystal  medium, 
whose  constitutive  equations  are  linear.  No  further  restrictions  are 
placed  upon  the  magnitudes  of  the  elastic,  piezoelectric,  and  dielectric 
coefficients  other  than  those  imposed  by  energy  considerations.  Thickness- 
or  lateral-field  excitation  may  be  used  to  drive  one  or  any  combination 
of  the  plates. 

The  present  analysis  shows  that  each  layer  is  represented,  in 
the  bulk,  by  three  acoustic  transmission  lines,  which  are  physically  equal 
in  length  to  the  thickness  of  that  layer;  in  general,  these  lines  possess 
unequal  characteristic  immittances  and  propagation  wavenumbers.  At  the 
interface  between  any  two  layers,  the  six  transmission  lines  (three  from 
each  side)  are  interconnected  by  transformer  elements.  Incorporation  of 
the  piezoelectric  drive  mechanism  requires  an  ad<iitiorial  simple  network 
that  is  connected  only  at  the  transformer  terminals,  thus  providing 
further  coupling  between  the  transmission  lines. 

The  circuit  descriptions  obtained  here  constitute  a first 
rigorous  representation  for  the  canonical  cases  of  thickness-  and 


lateral -field  excitation  of  the  three  thickness  modes  of  vibration  of 
crystals  with  arbitrary  anisotropy;  furthermore,  the  network  representation 
includes  the  complete  development  of  coupling  between  these  modes  due  to 
the  piezoelectric  effect  and  accounts  for  all  mechanical  boundary  condi- 
tions. What  has  thus  been  attained  is  not  simply  a complete  circuit 
equivalence  that  holds  port-to-port,  but  rather  a true  analog,  which  is 
valid  on  a point-to-point  basis.  As  the  prfiysical  processes  of  the  actual 
problem  are  thereby  accurately  mirrored  in  the  quantities  associated  with 
the  network  equivalent,  which  is  spatially  distributed  to  correspond  to 
the  geometry  of  the  structure,  it  is  possible  to  visualize  and  trace  the 
interplay  of  the  waves  involved  simply  by  inspecting  the  circuit;  in 
addition,  the  full  effects  arising  from  the  coupling  at  the  boundaries 
between  adjacent  media  are  made  evident  in  a succinct  and  readily  inter- 
pretable manner. 

Apart  from  physical  insight,  the  development  of  these  equivalent 
netwoidcs  has  additional  significance.  The  circuits  have  been  realized 
in  such  a fashion  that  the  overall  result  for  a multi-layered  structure 
is  built  up  by  the  simple  interconnection  of  basic  blocks  of  identical 
form,  with  each  block  accounting  for  the  behavior  of  one  layer.  When  an 
actual  structure  is  to  be  analyzed,  it  is  therefore  no  longer  necessary 
to  perform  an  ^ initio  mathematical  analysis.  Instead,  the  complete 
characterizing  circuit  can  be  put  down  by  Inspection,  thus  reducing  the 
problem  to  one  of  networic  theory.  Similarly,  synthesizing  a stnicture 
that  realizes  given  performance  specifications  reduces,  via  the  circuit 


iii 


analog,  to  a problem  in  the  domain  of  networks.  In  fact,  almost  without 
exception,  the  mechanically  vibrating,  layered  system  here  considered  is 
itself  embedded  in  a completely  electrical  circuit,  so  that  having  the 
mechanical  portion  cast  into  electrical  form  provides  a uniformity  that 
lends  itself  to  optimization  of  the  overall  electromechanical  system. 

The  general  network  description  derived  in  this  study  yields 
a powerful  and  immediate  access  to  computer-aided  circuit  design  pro- 
grams, so  that  the  lead-time  between  conception  of  an  idea  to  the  working 
model  can  be  cut  dramatically.  As  an  illustration,  a computer  simula- 
tion is  used  to  generate  the  filter  response  function  for  a simple 
two-layer  structure  composed  of  quartz  plates  of  varying  relative  orien- 
tation. This  example  demonstrates  the  application  of  these  concepts  to 
the  development  of  actual  devices  and  illustrates  the  systematic, 
efficient  and  practical  aspects  of  the  network  characterization  developed 
in  the  present  work. 
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1 . INTRODUCTION 

A.  GENERAL 

1.  In  this  aissertation  we  derive  exact  equivalent  circuit  repre- 
sentations that  describe  the  quasi-static  electromechanical  beliavior 
of  crystal  stacks  uriven  in  tliickness  nodes  of  vibration.  The  structure 
may  consist  of  any  number  of  layers;  tliese  are  considered  infiiiite 
in  lateral  extent,  so  that  all  field  variations  arc  witli  respect 
to  the  tliickness  coordinate  only.  Cciiprising  eadi  stratum  is  an 
homogeneous,  but  arbitrarily  anisotropic  crystal,  whose  constitutive 
equations  are  linear.  No  furtlier  restrictions  are  placed  upon  tiie 
magnitucies  of  the  elastic,  piezoelectric,  and  diclecrtric  cxofficients 
otiier  tnan  are  imposeu  by  energy  considerations,  so  tliat  tlic  analysis 
incluues  materials  witii  higii  piezoele(otric  coupling;  sudi  arc  currently 
of  great  teclmolcxjical  interest.  Tiiickncss-  or  lateral-field  ciccitation 
nay  be  uscc.  to  i.rivc  one  o'‘  any  cor'- 'inatioi.  of  tlie  ylatc's. 

Our  analysis  slio, 's  tiiat  cacii  la.ycr  is  rcproGCsitcc.,  in  Liu  bub., 
ly’  ti;r‘’:  acoustic  tnin;;iiis’;ion  lines,  physic. ill/  iii  Iciigtii 

‘uo  tile  tiiiclaicss  of  tliat  layer,  but  haviuj,  in  cjencral,  unequal  diarachier- 
istic  ii'aiiittancos  anu  propagation  wavenumbers.  Each  interface,  hc^vever, 
ai)pears  as  lu.^xia  transfonmer  elements  coi^iling  togctlier  tlie  six 
transiiiission  lines  inciuent  U{xin  tl;at  boundary  frcni  tJie  strata  on 
botn  siues.  Incorporation  of  tlie  piiezoelccrtric  drive  mcdianism  is 
furtlier  slicjwn  to  rexjuire  an  auditional  siirple  network  and  intcrconncKition , 
wiiidi  appears  also  only  at  tlie  boundaries , and  which  provicies  furtlier 
coupling  between  tne  transmission  lines. 
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2 

For  various  oombinatioris  of  layer  luaterial  and  orientation,  plus  | 

mechanical  interface  conditions  emd  electric  driving  field  direction,  ! 

I 

tlie  medaanical  and  piezoelectric  interfacial  networks  simplify  considerably.  ' 

Of  the  crystal  vibrator  oevioes  oonceived  and  utilized  over  the  years, 

1 

which  fit  into  tlie  class  of  structures  we  describe,  virtually  all  are 
of  tills  latter  type.  In  sucli  cases,  tlie  equivalent  electrical  circuits 
whicli  result  from  specializing  our  formulation  yield  the  same  mechanical 
and  electrical  port-relations  as  obtained  frcm  tlie  traditional  equivalent 
circuits;  indeed,  the  circuits  are  formally  identical  out  for  tne  piezo- 
electric transformer  placement,  a seemingly  minor  detail,  sliown  to 
be  inportant  conceptually. 

When  conditions  allow  little  or  no  sinplification  of  the  boundary 
networks,  the  circuit  representations  we  give  here  most  distinguish 
themselves.  They  are  the  first  set  covering,  with  rigor,  the  canonical 
cases  of  tliickness-  and  lateral-field  excitation  of  the  three  thickness 
modes  of  vibration  of  crystals  with  arfiitrary  anisotropy,  including 

the  ccitplete  develcpment  of  coupling  between  these  modes  due  to  the  I 

1 

piezoelectric  effect  and  meclianical  boundary  oonditions.  • 

As  an  exanple  and  application  of  these  circuits  and  concepts,  i 

oonputer  simulation  is  used  to  generate  the  response  function  of  a 

sinple  two- layer  configuration  conposed  of  quartz  plates  of  varying  i 

relative  orientations. 

2.  The  objectives  sought  in  this  dissertation  go  beyond  the 

j 

derivation  and  presentation  of  these  new  networks.  It  will  appear, 
as  the  developnent  proceeds,  tliat  what  has  been  attained  is  not  sinply 
an  equivalence  vrtiich  holds  port-to-port,  but  rather  a true  analog  vrtiich 


w 


3 
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niathanatics  alone,  lliis  caiies  about  because  of  tlie  similarity  the 
equivalents  bear  to  others  describing  tlie  behavior  of  existing  types  of 
oorponents  whose  operatiai  depenus  on  a different  principle,  e.g., 
microwave  filters  or  elcctrcmagnetic  delay  lines.  Not  only  are  new 
oevioes  suggesteu,  but  their  realization  anu  optimization  can  be  guided 
by  tile  techniques  developed  in  connection  witli  the  older  devices. 

Apart  fron  valuable  physical  insight,  the  develcptnent  of  these 
equivalent  circuits  serves  additional  purposes.  We  stated  earlier  that 
any  number  of  strata  can  be  accanmouatea.  This  stems  fron  a key  feature 
of  the  work,  tlie  oonc^t  of  building  blocks.  Tlie  circuits  have  been 
realized  in  such  a fashion  that  the  overall  result  for  a structure  is 
built  Lp,  sinply,  by  tiie  interconnection  of  basic  blocks,  each  block 
accounting  for  the  behavior  of  one  layer.  All  blocks  iiave  the  same 
canonical  form,  although  the  numerical  values  associated  with  the 
elements  of  each  block  will,  in  general,  differ,  and,  as  we  mentioned 
previously,  certain  particular  cases  will  bring  further  simplifications. 
When  a suitable  physical  structure  is  to  be  analyzed,  therefore,  it  is 
no  longer  necessary  to  perform  an  ab  initio  mathematical  analysis,  but 
merely  to  put  dcwn  the  network  characterizing  it  by  inspection. 

Nunerical  parameters  need  still  to  be  calculated,  but  this  is  done  for 
tlie  individual  network  blocks  separately. 

At  this  point,  other  advantages  beoome  ^parent.  Not  only  is  it 
unnecessary  to  analyze  eacli  new  arrangement  over  again,  layer  by  layer, 
but  such  analysis  as  is  neoesscuy  is  of  a particular  sort.  The 
problem  is  new  one  of  network  analysis,  a highly  developed  subject, 
anu  all  of  tlie  powerful  techniques  from  this  field  can  be  brought  to 
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bear  ipon  the  equivalent  network  to  obtain  such  measures  of  performance 
as  are  required  for  the  intencied  application. 
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Ccnplenenting  Uie  analysis  problem  is  that  of  synthesizing  a 
structure  v^ich  realizes  given  performance  specifications.  Here  also 
the  procedures  are  highly  systematized  in  network  theory,  which  may  be 
used  directly.  In  fact,  the  mechanically  vibrating,  layered  system  we 
here  consider  is  almost  without  exception  itself  embedded  in  a ocmpletely 
electrical  circuit,  so  that  liaving  the  meclianical  portion  cast  into 
electrical  form  provides  a uniformity  which  lends  itself  to  optimization 
of  the  overall  electromechanical  system. 

A further  advantage  of  the  network  description,  and  one  of  the 
most  important,  is  that  it  gives  immediate  access  to  computer-aided 
circuit  design  (CAD)  programs  currently  caning  into  prcminence,  so 
that  the  lead^tine  between  conception  of  an  idea  to  the  working  device 
can  ue  cut  dramatically.  Working  either  from  a new  idea  in  terms  of 
structure  or  materials,  or  from  given  performance  requiranents , the 
device  is  simulated  on  a ocrputer,  using  a CAD  program  to  arrive  at 
a physical  design  whidi  then  becomes  tlie  basis  for  experiments. 

In  this  regard,  the  fact  that,  subject  to  rather  unrestrictive 
assunptions,  tlie  analysis  is  exact,  is  iiiportant,  because  tlie  simulated 
behavior  of  a device  is  also  exact.  When  tlie  results  are  used  to 
produce  experimental  or  practical  models,  any  deviations  from  predicted 
results  may  justly  be  ascribed  solely  to  arpirical  factors,  whereas 
otlierwise,  the  question  arises  whether  the  divergence  is  due  to  the 
experiments  or  to  approximations  in  the  analysis. 

A furtlier  ^plication  of  these  circuits  is  to  tlie  accurate 
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determination  of  material  coefficients.  Prior  uses  of  stacked 
resonators  for  this  purpose  have  had  mixed  success  because  of  the 
restriction  to  a single  mode,  and  to  tl>e  absence  of  an  exact  analysis. 

Our  networks  clearly  describe  the  interplay  between  the  three  modes  as 
experimental  conditions  are  varied.  For  exanple,  the  effect  of  one 
experimental  parameter  variation,  viz.,  tliat  of  a relative  rotation 
between  two  aujacent  plates,  about  the  thickness  direction,  is  siKply 
to  change  turns  ratios  in  the  interfacial  transformers.  This,  and 
other  similar  procedures,  taken  in  conjunction  with  a suitable  sequence 
of  inmittance  and  frequency  measurements,  should  permit  the  determination 
of  the  full  array  of  elastic,  piezoelectric  and  dielectric  coefficients 
of  a substance  with  high  precision  and  relative  ease. 

3.  Our  results  arise  from  a corbination  of  separate  ideas;  these 
are  discussea  briefly  here,  and  covered  in  greater  oetail  in  Section  I B. 

We  observe,  first,  that  for  a given  direction,  an  arbitrary, 
unbounded  crystal  svpports  three  independent  plane  acoustic  waves. 

This  suggests  that  three  modes,  instead  of  one,  have,  in  general,  to 
be  incorporated  into  equivalent  circuits  describing  one-dimensional 
thickness  vibrations  of  a crystal. 

Secondly,  the  idea  that  the  physically  vibrating  system  is  distributed 
in  nature  is  most  graphically  conveyed  by  means  of  transmission-line 
schematics.  These  carry  over  the  inportant  idea  of  spatial  extension 
to  the  equivalent  networks  and  suggest  an  analog  which  might  be  valid  on 
a point-to-point  basis. 

The  next  notion  concerns  the  piezoelectric  effect.  It  is  often 
discussea  as  a volianetric,  distributed,  interaction;  however,  it  may 
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equally  well  be  (xaisidered  tx>  arise  only  at  the  layer  boundaries. 

IVjo  results  support  this:  a.  a piezoelectric  rod  excited  by  a 
micrcwave  cavity  field  is  foind  to  initiate  acoustic  waves  at  the  end 
face;  b.  a traction- free  crystal  plate  has  its  three  thickness  modes 
piezoelectrically  ooipled  at  tiie  free  boundaries,  \>diereas  they  are 
otherwise  uncoipled. 

ihe  final  asi,«ct  requiring  treatment,  liien  casting  tlic  physical 
situation  into  circuit  tlieory  terms,  is  that  of  tlie  purely  medianical 
bounuary  conuitions.  In  additiai  to  tlie  piezoelectric  effect,  tiiese 
also  coiple  togetlicr  tlie  tJiree  tiiickness  modes  at  tlie  interfaces  in 
all  but  tiio  sinplcst  cases . It  is  apparent  that  networks  which  account 
for  tlie  neclianical  boundary'  conditions  might  be  placed  directly  at 
the  interfaces  i:i  tlie  equivalent  circuit  representation,  but  it  is 
less  obvious  hew  tliey  are  associated  there  with  the  piezoelectric 
drive  circuit  elenxints.  '.'c  slicw  tliat  each  effect  apjxiars  in  tiie  overall 
neti\ork  as  a seiiarate  interconnection  of  ideal  transfonrers  at  oacli 
layer  interface. 

B,  mSTORICm. 

having  mentioned  very  briefly  vsAiat  lias  been  oone,  sane  of  tlie  motiva- 
tion for  uoing  it,  and  tlie  nm.n  ideas  involved,  we  turn  new  to  a more 
detailed  account  of  tlie  background  and  sources  from  vrfiicli  this  problem, 
and  its  solution,  have  acme.  It  is  convenient  to  organize  the  discussion 
into  a nunber  of  overl^ping  categories . Ihe  topic  of  analogs  is  first 
touched  on,  after  which  the  analogy  between  acoustics  and  electronagnctics 
is  briefly  reviewed.  Network  theory  as  an  outgrowth  of  electrcmagnetics 
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tliGn  follcws.  Next,  past  work  on  acoustic  waves  in  crystals  is  considered, 
followed  by  the  subject  of  piezoelectric  excitatim.  The  topic  of  equivalent 
electrical  circuits  growing  out  of  the  connbination  of  acoustic  waves, 
piezoelectric  excitation  and  network  theory  is  tlien  taken  \jp.  Finally, 
areas  of  ^plication  are  indicated,  with  general  references  to  all  of 
the  above  topics. 

1.  Networks  will  be  derived  in  later  chapters  which  are  emalogs 
of  the  vibrating  structures  described  in  I A.  above,  insofar  as  regards 
their  electrcmechanical  behavior.  To  make  clearer  our  use  of  the  word 
"analog",  ^lnd  also  because  the  idea  of  representing  one  physical  or 
ideal  system  by  anotlier,  which  is  alike  it  in  sane  respect,  is  a comon 
th^^d  in  tlie  Historical  development  sketched  here , we  indicate  a number 
of  distinctions.  Two  pliysical  systems  are  considered  true  analogs  if  both 
are  oescribed  by  tlie  same  mathematical  relations  everywhere  within  the 
systems  and  at  their  respective  boundaries.  Sanetimes,  irrespective  of 
the  physical  processes  interior  to  two  systems,  which  may  not  be  analogous, 
the  relations  characterizing  their  behavior  at  the  boundary  ports,  such 
as  terminal  voltages  £ind  currents,  are  identical.  In  tlus  case  the  analogy 
extends  only  port-to-port  and  is  a limited  and  imperfect  one,  but  in  many 
practical  cases  it  is  still  extremely  useful.  A true  analog  corresponds 
at  the  ports  and  also  in  the  interior,  so  that  it  is  valid,  for  spatially 
uistributea  systems,  on  a point-to-point  basis;  our  networks  are  of  this 
latter  type.  Analogs,  and  their  experimental  realization,  have  been  applied 
to  various  elastic  problems  by  Mindlin  & Salvacixri  (1) . 

One  nvay  talk  of  analogies  in  senses  other  tlian  that  understood  when 
describing  true  or  limited  analogs.  Thus,  without  regard  for  the 
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mathematics  involved,  one  can  consider  physical  models  as  analogs  insofar 
as  they  may  be  used  to  oanonstrate  a principle,  as  Maxwell's  meclaanical 
model  illustrating  the  induction  of  currents  (2) , or  Kelvin's  string  and 
spring  model  of  an  anisotropic  solid  (3) » Yet  another  form  of  analog 
is  that  represented  by  scl->er\atic  draii;ings.  Here  the  analogy  is  of  a 
subtler  sort.  We  have  new  a diagranmatic , shorbliand,  depiction  of  a 
piiysicol  situation,  wherein  tlie  essence  of  the  problem  is  abstracted 
and  iuealized  by  means  of  s^mibols  and  topology'.  Electrical  circuit 
sdianatic  elememits , e ,g . , are  analogs  of  oertain  limiting  cases  of 
electromagnetic  situations;  tlie  correspondenoe  is  one  between  a physical 
system  and  a urawing,  not  between  two  physical  systems.  Ihe  physical 
problems  we  treat  are  cJiaracterized  in  this  manner,  but  as  the  schanatic 
circuits  themselves  always  oorresjxaiid  to  a physical  electrcmagnctic 
realization,  the  oorresiondence  can  be  considered  to  exist  between 
pairs  of  physical  systems,  and  our  representations  are,  tlierefore, 
true  analogs. 

2.  The  subjects  of  acoustics  and  electroragnetics  are  botli  very 
large.  We  will  siitply  note  that  because  tiiey  share  the  phenonenon 
of  waves  in  oemmon,  the  possibility  of  a cemmon,  or  at  least  a similar, 
explanation  or  description  has  always  been  an  intriguing  one.  A general 
reference,  covering  botl'i  disciplines,  is  the  comprehensive  article 
by  Truesdell  & Tbipin  (4) . 

One  difficulty  in  establishing  a true  analogy  between  acoustics 
and  eiectrcmagnetics  is  that,  in  general,  acoustic  plane  waves  have 
three  polarizations  v^iereas  electromagnetic  waves  have  only  two.  Mac 
Cullagh  (5)  did,  in  fact,  force  a true  mathematical  analogy  by  assumir^ 
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an  "elastic  strain"  energy  function  which  involved  only  the  cai^xments 
of  rotation  relative  to  an  absolute  frame;  the  constitutive  equations 
then  relate  stress  to  rotations,  the  equations  for  the  "elastic"  motion 
of  light  in  a vacuum  becone  formally  identical  to  Maxwell's  equations, 
and  the  longitudinal  mode  is  eliirdnated. 

Aixjther  avenue  of  i^roacli  consists  not  in  svq:ipressing  the  tliird 
mode  in  an  acoustic  formulation  of  electromagnetics,  but  in  generalizing 
the  electromagnetic  formulation  to  provide  light  witli  a third  polar- 
ization. Althorgh  of  theoretical  interest  (6) , experimental  evidence 
is  lacking  (6,7)  for  this  approach,  and  tlie  analogy  cannot  be  made 
more  than  a similarity. 

The  most  recent  attempts  at  displaying  the  matliematical  correspondences 
which  exist  have  also  been  the  most  successful.  Auld  (8)  considers 
acoustic  plane  wave  propagation  in  a piezoelectric  mediun  and  shows 
that  whereas  tiie  equations  are  not  identical  to  those  for  electrcmagnetics , 
the  fiela  operators  in  eacli  case  bear  certain  analogous  relations 
to  each  otlier.  Peng  (9)  uses  a transformation  whicli  promotes  tlie  electromag- 
netic field  vectors  to  second-rank  tensors,  and  c±>tains  equation  sets 
whidi  are  nearly  identical,  so  that  a good  deal  of  insight  into  both 
systems  is  acliieved. 

An  analog  in  tlie  form  of  a mechanical  model  of  the  "etlicr"  was 
proposed  oy  Kelvin  (10) , vhich  would  require  a nunbcr  of  gyroscopes 
in  a very  oonpiicated  arrangement.  The  very  complexity  of  such  a 
model  is  an  indication  of  the  artificiality  of  attempts  at  a octixnon 
explanation,  or  even  of  a canmen  description,  in  tlie  stric±  sense, 
of  acoustic  and  electromagnetic  ptieixjnena. 


Tiie  crux  of  the  difficulty  is  that  acoustics  and  electromagnetics 
are  fundamentally  different  in  nature;  while  tliey  have  certain  conmon, 
or  similar  traits,  the  differences  prohibit  an  analogy  vrfiich  is  ccnplete 
in  all  respects,  l^rtunately,  tiie  areas  of  similarity  do  fxjrmit  a 
nur,t)er  of  true  analogs  to  be  formulated,  particularly  as  regards  wave 
properties,  'nie  £inalogy  which  concerns  us  has  to  do  witJi  tlie  fact 
tiiat  uiiifonu,  plane,  waves  of  botli  b^’pes  may  be  represented  by  spatially 
distributed  circuit  scliematics  in  tlie  forra  of  transmission  linos. 

Tliose  will  be  discussed  subsequently  in  greater  detail. 

3.  As  we  indicated  earlier,  electrical  network  tlieory  is  a liriting 
form  of  electraiiagnetics . Tie  network  corr^enonts  c'pieariixj  in  the 
tiieory  arc  botii  lu-.^eu  (11-14)  iuid  distributed  (15)  . Of  fjarticular 
iniortanoe  for  us  is  tiae  transmission-line,  \iiich  is  princijjally  the 
creation  of  Heaviside  (16-17) . It  incorporates  tliose  aspects  of  electro- 
magnetic waves  retjuired  to  provide  true  analogs  of  the  acoustic  problcai\s 
we  consider,  beyond  providing  analogous  systems,  tlae  use  of  nc'twork 
representations  allows  us  to  aiploy  circuit  schunatics  as  visual  analogs 
to  assist  in  tlae  [xartrayal  of  tlie  physical  processes  involved;  tlais  is 
particularly  helpful  for  understanding  transient  operation  of  layered 
devices,  'ihereforc,  not  only  do  we  carry  over  tlie  electromagnetic 
analogs  to  our  aooustic  problems,  but  we  use  tlie  scliemata  for  visual 
interpretations . 

Added  to  this,  network  tlieory  provides  specialized  mathematical 
techniques  and  procedures  v^ich  liave  been  tailored  for  the  very’  ends 
we  wish  to  achieve,  sucli  as  realizing  specified  filter  responses. 

General  references  are  tlie  texts  by  Guillmin  (18-19)  , Cauer  (20) 


ana  Carlin  & Giordano  (21)  . Network  tlicory  witli  specific  applications 
to  filters  is  uiscussed  by  Ruston  & Borooyna  (22) , Mason  (23) , Youla 
(24)  and  Zverev  (25)  . Tlie  subject  of  crystal  filters  is  dealt  wiUr 
in  Herzog  (26)  , Mason  (23)  and  Kosowsky  i llurtig  (27) , while  crystal 
oscillators  are  treated  in  Groszkavski  (28)  and  llafner  (29) . 

Altliough  Heaviside  is  resjxxisible  for  almost  all  of  transmission- 
line tlieory  in  its  present  form,  inclusion  of  the  finite  transmission 
line  as  an  auditional  circuit  element  for  netavor):  s^^nthesis  began 
with  Richarris  (30)  , in  1948;  since  ttien  conventional  circidt  tli>.x>ry 
has  been  enriched  by  an  increasing  use  of  uistributed  net^^ADrks , primarily 
for  filters,  but  also  for  broad-band  transformers  and  delay  linos. 

'rhe  reoent  articles  by  Carlin  (31)  , and  Koga  (32)  indicate  the  current 
status  and  contain  auditiaial  references  to  tlie  literature.  As  our 
circuit  results  appear  in  Uie  form  of  networks  oomposed  of  lai^x^d 
and  distributed  eler.ients , tlie  s\'ntliesis  procedures  now  actively  bei:^ 
investigated  can  be  applied,  via  tlie  analogs,  to  the  realization  of 
piezoelectric  layereu  crystal  structures  having  prescribed  behavior. 

We  mention,  lastly,  conputer-aided  circuit  design  (CAD)  as  a means 
of  inplementing  the  results  of  networ);  tlieory-  (33)  . Hiis  field  is 
ueve loping  rapidly,  and  CAD  programs  arc  new  beocming  available  to 
Handle  uistributed-element  circuits.  'Jliese  programs  are  a necessity 
vAien  considering  the  analysis  of  many- layereu  structures,  or  even 
configurations  consisting  of  only  two  or  tliree  layers  except  wiien 
tlie  crystal  plates  possess  a great  deal  of  intrinsic  synmetry  and 
are  sinply  oriented  witli  respect  to  the  common  tliickness  coordinate 
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4.  We  take  new  the  topic  of  plane  acoustic  waves  propagating  in 
crystals,  'ihe  uiscussiai  is  oivided  into  four  parts:  propagation  in 

media  which  are  a.)  unbounded  and  nonpiezoelectric,  b.)  unbounded  and 
piezoelectric,  c.)  boujideu  and  nonpiezoelectric  and  d.)  bounced  and 
piezoelectric . 

a.)  George  Green,  in  1839,  gave  the  first  general  tiieory  for  tlic 
propagation  of  plane  acoustic  waves  in  anisotropic  media  (34).  He  shov«2d 
tiiat  three  types  of  waves  are  possible,  that  tlrcy  in  general  have  different 
velocities,  and  tliat  tire  directions  of  particle  motion  are  mutually  perpen- 
dicular. It  was  he  who,  in  an  earlier  paper  (35),  also  showed  tliat 
twenty-one  elastic  constants  are  required  for  tiic  diaracterization  of  an 
arbitrary'  crystal.  Ihis  was  deduced  from  the  conservation  of  energy 
principle  which  he  was  tlie  first  to  state.  In  both  of  tliese  papers  he 
was  seeking  equations  governing  tlie  behavior  of  light,  so  we  have  here 
yet  anotlier  example  of  hoiv  closely  light  was  associated  witli  mechanical 
motion,  and  how  steadfastly  analogous  exjilanations  wore  pursued. 

In  1877  Christoffel  published  a long  article  on  tlie  same  subject  (36) . 

He  cast  tlie  equations  in  terms  of  str£iin  instead  of  stress,  and  gave  the 
formulation  vdiich  is  still  followed  today'. 

Lord  Kelvin  (37)  built  rqxin  tlie  vrork  of  Green,  clarified  parts  of  his 
work,  and  extended  it.  Here,  again,  it  ajipears  that  the  motivation  for 
these  acoustical  researdies  was  to  obtain  a clearer  understanding  of  c^tical 
pheromcna,  altliough  he  did  pronounce  the  topic  of  elastic  waves  in  a solid 
"a  fine  subject  for  investigation." 

Musgrave  (38-42)  presents  very  fine  discussions  of  the  behavior  of 
elastic  waves  in  anisotropic  substances  using  tlie  projective  geometrical 
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aorresponcionces  between  tlie  velocity,  slowness  and  wave  surfaces.  He 
sunniarizes  tlie  situation  as  it  stood  after  i\elvin's  work,  but  spurreu  b^' 
tlie  availability  of  exfxirijiiental  data  wliicli  was  all  but  absejit  in  Kelvin's 
time,  he  investigates  s^xjcific  features  of  tlie  elastic  surfaces,  and 
calculates  a nu'.tber  of  tiiem  for  various  materials. 

b.)  historically,  consideration  of  acoustic  wavL’  proixagation  in 
piezoelectric  cr\'stals  arose  frau  e.xjit'rii  tents  ujion  vibratiivj  plates  of 
quartz,  of  wliicli  nore  will  be  said  in  ci.)  bclcjiv;  froi:i  tiose  investigations  of 
of  ixarticailar  cases,  involving  t'.o  r.ioie  difficull  ;'roLl  : of  rr f 1(.C' ions  of 
...;v'es  ill  hi'UiiLl.d  p],jtL;,  ’■/(  fi;:''  I'lc  or.'gi.'is  of  tht  ■ ■'■■lop'ient  of  pio;vi- 
g-ition  in  ^ i :'i  = -ctric:  i < ' . 

.,ii\.-son  (43),  i.  -')41,  slxn/e-'  t.iiL  t i-  (.'ntan'i’.e  on^x ri:  n'i.tal  n^sult.'- 
of  /lUuiasoff  u ii..ii-t  (•M)  on  vihrati;ig  ;uariz  ^ laU;s  nxiuired  a piezctelectric 
correction  to  ..kux  Uiaa  consistoit.  He  gavi:’  Uic  CL-rreci:  gemral  differen- 
tial etjuatiais  <.mu  se'cular  etju.ition,  wliicli  involvt^c  piczcx;lectrically 
stiffened  elastic  eonstajits.  deci¥..uui  (43—57)  , v.-iio  wa.s  also  intei'ested 
in  plate  viijrations,  giivt.'  a caqjlete  oiscussion  of  tiie  unboundet.  propaga- 
tion probleia,  inclucini.j  tite  effect  of  tJic  piezoelectric  constmits  on  tlie 
particle  motions,  aiK.  tiie  effee*t  of  an  excitiix}  ficlt.  on  tiic  effective 
piezoelectric  constant  (.ariving  a given  tliiclaicss  mode. 

In  1949,  KyaiiC  (4b)  treated  tJic  i.iore  uifficuit  problcri  of  wave 
pro^xigation  in  infinite  mediuu  vtrticre  botii  tlie  acoustic  ane  electro- 
magnetic effects  are  coufiled  by  piezoelectricity,  nie  tlieojy  he  developed 
inoorj orates  tiie  full  Maxwell's  oqaatiois,  and  predicts  five  plane  waves, 
tliree  of  Vviiidi  beoome  tlie  acoustic  modes , in  tlie  absence  of  piezoelee'tri- 
city,  wliile  the  rcr.iaininq  two  become  tlie  usual  electrcmaqnetic  waves. 


t 


15 

He  also  gives  an  expression  for  Uie  oorplcto  l^o^aitinq  vector  oori(X3sed 
of  botli  elastic  anu  electru;ngnctic  contributions . 

Sbuilar  analyses  were  carried  out  by  Hailloux  (49)  in  1958,  anu  Alda, 
liru^ka  Si  Ticiiy  (50)  in  19G3.  Uru5ka  (51-52)  ccrinarod  tlic  results  obtaineu 
Ly  keepir.g  Uie  full  Maxwell's  orjuations,  witti  tliose  of  Lawson’s  mettiod, 
where  tiie  quasi-static  afproxiiiiation  is  made:.  He  was  al)le  to  se^xirate  Die 
effects,  anu  to  sliow  tliat,  wiioreas  a quasi-static  piezoelectric  oorrection 
to  Uie  elastic  constants  and  velocities  can  aiiount  to  a uifference 

iiieasureu  in  per  cent,  the  losult  of  Die  quasi-static  apjiroxiration  uiffers 

-i 

frail  Die  exact  electroiiatjnetic  calculation  bv’  loss  Dian  10  fxircent,  and 
so  is  ccTipietely  negligible  for  our  purposes  iicre. 

We  mention,  lastly,  Diat  Auld  (8)  lias  derived  rt'ciprocity  relations 
for  Die  piezoelectric  mediun  in  loDi  Die  exact  case  and  Die  quasi-static 
iip^iioximation . 

c.)  New  we  cone  to  a consideration  of  acoustic  waves  in  bounded, 
but  nonpiezoeiectric  media.  It  is  appropriate  to  look  first  at  reflecticn 
and  refraction  of  waves  at  a sincjle  boundary.  Knott  (53)  first  gave  the 
solution  for  isotropic  solids  in  contact,  in  1899.  In  Die  intervening 
years,  additional  treaDiicnts  were  given.  Musqrave  (41-42)  gives  a recent 
account  of  Die  case  of  anisotropic  bodies  in  contact,  wiDi  a practical 
exanple. 

Passing  on  to  Die  situation  of  an  isotropic  material  bounued  by  two 
parallel  planes,  constituting  a plate,  one  can  cio  no  better  Dian  to  con- 
sult Die  uonprehensivc  article  by’  Mindlin  (54)  vs^iidi  incluues  historical 
references  and  clcveloprients . We  take  note  of  only  one  fact  now,  to  make 
a point  later.  Although  toyleigh  and  Lamb  gave  the  fonnal  solution  to 


the  traction-free  plate  problem  in  1889,  it  was  not  until  1954  tliat  it  was 
recognized  that  the  plate  waves  oould  be  deoonposed  into  pairs  of  longi- 
tuuinal  and  sliear  waves  reflecting  from  tlie  boundaries  (54)  . 

'ihe  history  of  high  frequency'  waves  and  vibrations  in  anisotropic 
plates  begins  with  the  work  of  Koga  (55-56)  who  solved  the  thickness  mo<iD 
problan  for  tlie  case  of  an  infinite  nonpiezoelectric  plate  in  vrtiich  he 
inde^xindently  rediscovered  Christoffcl's  method.  In  applying  tJie  tlicory  to 
plate  resonators  of  quartz  and  tourmaline,  he  recognized  tlie  influence  of 
tlie  piezoelectric  effect  in  altering  tlie  effective  elastic  stiffness,  but 
his  treatment  takes  tlie  form  of  an  ^ hoc  addition. 

Corresponuing  to  Rayleigh's  (57)  solution,  for  tlie  isotropic  plate, 
is  dkstein's  (58)  solution  for  tlie  two-dimensional  vibrations  of  a 
uonoclinic  plate,  v\iiicli  was  elaborated  on  Ly  Nc^^^,1an  & Miiiulin  (59)  in 
1957.  Since  then  a great  variety  of  results  for  bounded  crystal  plates 
has  beoane  available,  notably  tlirough  tlie  work  of  tlindlin  ano  his  ool- 
icagues.  have  had  considerable  success  in  applyinn  metliods  of  power- 

series  e^pansiens  in  tlie  tliicliness-ooortiinate,  originally  due  to  Poisson 
i Cauchy,  to  arrive  at  i^iproximate , two-dimensional,  plate  equations 
whidi  nay  tlien,  very  often,  be  solved  exactly. 

d.)  Inclusion  of  tiie  piezoelectric  effect  into  tJic  tJiidaiess- 
vibrations  of  plate-resonators  was  carried  out  by  Cacy'  (60)  in  1936  I'rfio 
gave  a iiore  rigorous  analysis  of  its  influence  for  a single  mode.  He 
considereu  tlie  crystal  as  a luii{x:d  mcdianical  system  in  tlie  vicinity'  of 
resonance,  and  incluued  tlie  oonsequences  of  a finite  air  gap  between  the 
plate  and  electrodes. 


Fbllowii^  tliis,  Lawson  (43),  as  mentioixxi  earlier,  gave  tlie  correct 
quasi-static  equations  for  acoustic  plane  wave  propagation  in  an  infinite 
piezoelectric  plate,  forming  the  basis  of  a rigorous  tlieory  of  piezo- 
electric vibrations,  insteau  of  consiciering  the  plate  a lutnpeu  system,  as 
had  Cauy.  However,  his  assuned  solutions  do  not  indiviuually  satisfy  tJie 
proper  boundary'  conditiais,  except  in  sim^jle  instances,  but  application 
of  the  results  to  the  experiments  of  Atanasoff  & Hart  (44)  was  adequate  to 
resolve  their  inconsistencies,  largely  due  to  neglect  of  stiffening.  In 
1942  Lawson  (61)  took  rp  tire  problem  more  fully,  oonsiderirg  a driving 
electric  field  oriented  in  tlie  tlackness  tdrectiai,  and  arrivixi  at  results 
\nhich  were  believed  to  be  exact,  including  tlie  influence  of  an  air  gap. 

Ihe  effect  of  piezoelectricity,  additional  to  stiffeninej,  was  inooiqx>- 
rated  into  an  "effective  thickness,"  different  for  eacli  of  the  tiirec  modes, 
and  fron^  tlie  geonetrical  tliickness. 

Lkstein  (62) , in  1946,  and  Mindlin  (63) , in  1952,  treated  the  much 
more  difficult  problem  of  tlie  finite  crystal  plate.  Our  work  ooncems 
only  unbounded  plates,  so  we  will  jiass  over  tlie  main  results  of  their 
papers,  except  to  indicate  how  tlic^’  proceeded,  and  return  to  thtrn  in 
connection  with  equivalent  circuits.  U^stein  usoa  perturbation  tlieory 
to  investigate  forced  vibrations . 'liie  plate  problcan  is  first  solved 
approximately  in  tliis  manner  assuming  the  piezo-effect  is  aliscnt; 
the  procedure  is  tlien  used  again  to  take  piezoelectricity  into  account, 
tlinulin's  work  treated  forced  vibrations  of  mofll  .linic  crystals  by 
an  extension  of  his  approximate  two-dimensional  plate  equations  to 
include  piezoelectricity’. 

'ihe  publications  of  Heciimann  (45-47) , already  referred  to,  ajiply 


also  to  the  vibrations  of  piezo-plates,  but  are  more  properly  considered 
in  the  context  of  equivalent  circuits. 

Tiersten  (64)  in  1963,  reconsidered  Lawson's  prcbleri  (61) , and 
discovered  tiiat  tlie  solution  given  does  not  satisfy  tlie  proper  boundary' 
conditions,  lie  solved  the  problem  exactly.  Tiersten  found  tiiat  the 
tliree  thickness -modes  are,  in  general,  ooLfded  at  the  two  traction- 
free  boundaries,  by  virtue  of  tiie  piezoelectric  effect.  Only  in  sirr|ile 
situations  will  tliey  be  unooniled,  in  \\rtiicli  case  tiic  solution  reuuces 
to  tliat  of  Kcga  (55).  It  is  ipon  tiiesc  results  that  our  construction 
of  analog  circuits  is,  in  large  measure,  based;  tlie  results  provide 
an  inberpretaticsi  for  certain  notl^rark  features  '.^rflich  is  sL'^ilo  and 
physically  satis fy'ing. 

In  1970,  Ydj.aua  i.  hiizeiii  (65)  recast  Tierstcui's  e>;act  solution 
into  noDUiil  ooorelinatc  form,  cuid  calculateu  tlie  innut  airdttancc  of 
tile  plate  vibrator  for  tlie  cases  of  traction- fr(_K  , i.tL';s  loadini  anu 
air-gap  boundary  oonoitions.  We  will  retain  oertain  features  of  tiieir 
derivation,  specifically  tlie  normal-coordinate  transformation,  in 
our  analysis. 

e. )  Hie  analysis  anu  nctiAorJ-is  to  be  given  here  will  assuT:ie 
Uiat  tile  structures  are  lossless.  Ihis  is  adopted  as  a convenience, 
but  it  not  really  a restriction.  In  practical  situations,  Uie  presence 
of  loss  usually  lias  to  be  considered;  metliods  for  doing  tliis,  starting 
fran  the  lossless  case,  are  described  in  the  literature  (66-72) . 

f. )  li/c  conclude  our  discussion  of  piezoelectrically  driven 
crystal  plates  witli  an  aspect  tliat  is  of  fundamental  inportance  for 
our  tievelopnents;  that  is  the  effect  of  tlie  medianical  boundaries 
when  two  crystals  are  juxtaposed  to  form  a layered  structure. 
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ftom  tJie  wrk  on  reflection  and  refraction  of  acoustic  waves,  going 
back  bo  Green  and  even  earlier,  it  has  been  long  recognized  tliat  the 
tnuchanical  bouiuar^’  conditions  provide  for  iitxJe  ooipling,  and  tliat, 
in  general,  all  inodes  are  involved,  even  for  normal  incidence,  oorresponuing 
bo  the  one-diiiensional  tiuckness -modes  of  interest  to  us.  llie  usual 
case  in  practice,  however,  is  to  use  materials  and  geanetries  in  layered 
configurations  v^iicli  result  in  a single  node-tyie  (73-85)  , altliough 
occasionally  (86)  inode  coniling  is  taJcen  into  consideration. 

Our  uevelc^iment  represents  tlie  coupling,  oonpletely,  in  our  circuits, 
in  sucli  a way  that  tlie  phenonenon  ipjx^ars  in  a readily  interpre table 
form  bo  tliosc  familiar  with  network  sdiematics . 

5.  A basic  aspxx:t  of  the  work  to  be  described  in  succeeding 
chapters  oe^xinds  U{)on  an  inteig:>retation  of  the  piezoelectric  effect 
in  berms  of  a force  acting  at  surfaces  ratlier  tlian  bliroughout  a volume. 


Ftir  the  class  of  problems  we  treat,  tliis  interpretation  turns  out 
to  have  a very  clear,  physical,  meaning,  when  reejarded  in  ncti^nrk 
equivalent  terms.  Tlie  usual  formulation  of  piezoelectric  driving  as 
a volunetric  effect  is  given  b^'  Cady  (87)  ; t)ie  alternative  of  surface 
forcing  grew  out  of  work  by  Cook  (88) , vdio  in  1956  gave  an  analysis  of  a 
piezo- transducer  used  for  generating  transients,  and  by  Slater  (89) , and 
Arenberg  (90) , vA\o  described  microwave  cavity  excitation  in  piezoelectric 
crystals.  Cook  clearly  stated  tlie  equiv£ilence  of  tlie  tii«3  ways  of  regarding 
tlie  excitation,  and  showed  that  application  of  a voltage  to  an  initially 
quiescent  transducer  produces  two  elastic  waves  that  proiDagate  fron  the 
two  plate  surfaces  inward  toward  each  otJier.  Ihis  effect  was  used  by 
UOnnel  & Uransfeld  (91-93)  to  produce  hypersonic  acoustic  waves  in  quartz 
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rods,  by  introducing  one  end  of  the  rod  into  a microwave  cavity,  there 
to  interact  witli  the  cavity  field.  A similar  arranganent  at  the  output 
allowed  the  waves  to  be  detected.  E>periments  ana  analysis,  carried  out 
in  1960  by  Jacobsen  (94-95)  led  to  a more  ocrplete  understanding  of  tJie 
surface-voluiie  equivalence.  He  showed,  as  did  atJnmel  & Dransfeld  (93)  , 
tiiat  acoustic  waves  are  produced  at  all  spatial  discontinuities  of  the 
(vDlumetric)  piezoelectric  stress,  the  abn^^t  discontinuity  \'^iclT  occurs 
at  the  end  face  of  a rod  or  plate  being  only  a special  case.  For  us,  it 
is  a very  inportant  one. 

Treatnents  of  tlie  case  of  distributed  sources  arising  frem  dis- 
continuities wiUiin  tlie  piezoelectric  meuiur.i  have  been  oonfinea  to  the 
case  of  one  mode,  and  are  aiscussed  in  Mitchell  & I^ectwcod  (96-97),  and 
Leodoiu  et  al.  (98)  . Variations  in  the  piezo-stress  tJiroughout  tiic;  s^jeciiren 
is  a practical  concx^m  witli  ceramic  transducers  but  much  less  so  witii 
cjuartz  and  substances  witJi  sr.iall  piezoelectric  coi^iling.  In  fact,  tlie 
fringing  field  in  a micravavc  cavity'  produces  a continuous  distribution 
of  acoustic  sources  witiiin  a quartz  rod  in  Jacobsen's  experiments  (95)  , 
but  he  shews  their  effect  to  be  inconsequential  aenparec;  to  tlie 
inpulse- lihe  source  created  at  tiie  roo  end-face.  Treansient  problems, 
wherein  tlie  surface  forcing  effect  shev/s  ip  most  pror,iincntly , were  addition- 
ally considered  by  Redwood  (99-100)  and  Peterson  & Rosen  (101) . 

Replactaiient  of  tlie  volunetric  piezcelectric  driving  stress  by  tlie 
surfaco  forcing  equivalent  was  fruitfully  applied  by  Hollanc  (102-104) 
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to  a variety  of  ceramic  vibrator  problems  involving  ooqilex  configurations. 
He  en|ihasized  the  sinple  physiczal  interpretation  \diicli  could  be  given 


to  this  formulation;  the  same  interpretation  will  arise  in  our  treatment. 

The  finding,  by  Tiersten  (64) , tlrat  the  three  thickness-modes  are 
coi^jled,  by  the  piezoelectric  effect,  at  the  plate  surfaces,  is  another 
manifestation  of  tlie  part  the  boundary  discontinuities  play.  It  will  be 
shewn  that  both  Tiersten 's  boundary  coupling,  and  the  initiation  of 
acoustic  waves  from  tire  end  face  of  a piezoelectric  rod  in  a microwave 
cavity,  are  dMtii  aspects  of  tire  same  phenonenon,  and  both  follow  from  a 
consideration  of  tire  appropriate  equivalent  circuit. 

6a.  Circuit  theory  is  conceptually,  if  not  liistorically , tire  offspring 
of  Maxwell's  field  tlreory.  Seme  of  tire  advantages  of  this  idealization 
have  been  pointed  out  previously.  In  view  of  tlrcm  it's  not  surprising 
that  circuit  theory  should  be  used  to  model  physical  electrcmagnetic 
systaus;  tlrat  is,  to  be  used  as  analog  representations  for  tlrer.i.  This 
has  been  done  with  great  success , beginning  princijrally  in  the  early 
1940 's  in  connection  with  the  developr-ient  of  radar  systems  (105-108)  , 
and  continues  to  the;  preseirt  time  to  be  applied  to  a large  variety 
of  probloiis  (109-111)  . In  fact,  it  is  just  tire  carry-over  of  network 
representations  of  field  problems  from  the  elecrtrcmagnetic  to  acoustic 
uomains  which  is  begiiming  to  prove  so  fruitful  today,  and  tlris  carr^'- 
over  depends  ipcar  the  analogous  aspects  of  tlrese  fields. 

b.  The  work  of  Rayleigh  (112)  contains  in^rlicitly  tiro  notion 
of  an  acxrustic  transmission  litre,  but  it  was  tire  pioneeriirg  work  of 
Mason  (113-114)  wlro  introduced  tire  concept  in  cormection  witlr  crystal 
vibrators.  He  stated  explicitly  tlrat,  to  take  into  acxrount  tire  wave 
motion,  tire  representation  would  have  to  be  a transrrission  Hire. 
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A fuller  account  of  lus  work  will  be  given  in  c.,  below,  but  we  note 
his  contribution  here  in  coruiection  wiUi  acoustic  transmission  linos. 

Also  in  tiiis  oonnecticai,  wo  mention  that  it  was  Redwooci  & Lamli  (115) 
vrfio  first  redrew  Mason's  lun|Jod  transnuss ion-line  neti-rark  in  s{jatially 
distributed  foo^u  iicre  we  have  tiie  germ  of  tlio  networ):  ideas  we  will 
develop  later. 

In  tile  work  of  Oliner  (llG-117)  and  his  colleagues  (llC) , wc  find 
tile  first  systeratic  aiiplication  of  i.iicrawavc  netivori:  i.et;iOc;olo!\’ 
to  tlie  representation  of  acoustic  wave  reflection  and  refraction  at 
a plane  boundary;  s^xicif ically , tiic  representation  of  tiie  piiysical 
problta.i  in  terms  of  transmission  lines  coi^iled  togetiier  at  tlie  boundary' 
by  a network.  An  isotropic  i.edium  is  considered,  but  the  waves  may 
;.ako  ai;y  angle  v.’itii  res[ect  to  ti.c  Ixiindary'.  Vve  censider  anisotropic 
media,  but  lii'dt  tiie  uiscussion  to  normal  incicencc. 

llic  p'a\'cr  of  carrying  over  a nct.-.orii  description  anci  mierrAvave 
electrcuiiagnetic  tecliiiiqucs  of  analy'sis  may  Ixj  illustratce  here  by 
a few  rer.arks.  lie  noted  above  that  it  wasn't  until  195*1  tiat  it  was 
realized  plate  waves  oould  be  deoor.poseu  into  pairs  of  lonciitu- 
uLial  ane  siieiir  v/aver.  refiocLing  ^it  tiC  bcunuarics,  vi'.creas  L.>.  .rialytic 
solutioii  was  givij.  sixty -five  years  earlier,  llu-  reacr-i  for  t.i  tii.e 
span  is  largely  lA-carus.  tu.  piiy'sieal  features  of  tx  proele; . are  oescurci.. 
by  uie  ..4ciC.ie..»ities . in  oiiner’s  for.'.uiation,  usins?  aeonstie  trails;. Issioii 
lines  uouiiiet.  Iry  bcuxaiy’  circuits,  tie  dcoo  nositicn  follcxei  L riiuiately , 
by’  inspection,  as  coes  tie  stg^iration  of  tie  :.o.;e  tvyi-  s into  sy.  i eti'ic 
one  antisy’'..a,cLric  fai.iiiics.  '/he  physical  iieiuiiuj  in  at  onc>.  evicent, 
ijs  is  tie  rule  of  tie  free  Ijcundaries  of  tie  platt;.  In  acc'.ition  bo 


23 


tiie  pictjoricil  tUiu  physical  clarity  aciiicvec,  Llic  builca.nij-!)lfxj’;  appiX)acii 
wiis  edso  introcucca.  this;  r.icaiis  tiiat  uiuivalent  ncfa/f,rlcs  arc  fouu. 
for  transr.’iissiai  rcijions  anc  uificc^iitinaiLics  scixiratcly,  a;ic  tie  overall 
ueU^ork  realiiiatiou  for  a yiven  structure  in  tuai  obtaiiie'c  ov  attaCii  out 
of  tic  iiicdviuual  network  ca.^ponents,  eacii  reprcncJdii»j  a ixirtion 
of  tint  structure,  i.’c  use  tic  builcinsj-ldodi  acpiTjacl.  to  arrive  ;it 
results  wiiiai  iiolc.  for  an  arbitrar_;-  nuix.'r  of  strata,  after  .lavin.j 
solvec  a sii.ipler  Set  of  probieio. 

c.  ..'e  ooi'.c  liCAv’  to  a tascussion  of  tie  bad:  iroua.  aiic  ucvo1o}j- 
..icnt  of  ur]uivalent  circuits  to  rcprcsicnt  piezoelectric  vii.-ratinc  systo.'s. 
ijecause  tiis  topic  is  closest  to  u.e  new  Uiulojs  \k  siiall  present, 
it  is  oonsieeroe  at  sa'ov^iiat  ureatc'r  leiuti.  In  .so  eoina  we  noxj 
to  indicate  tore  eiearlt’  our  ^xiinti  of  ceivirfure  fra.i  uit.se  yi.it  ueveio^- 
nents,  out  also,  iitA-;  tne  various  features  wo  fint.  in  tiese  uct.-’orks 
are  suiisuuieu  into  our  ojui valent  circuit  analoqs. 

i)  . 'ihe  case  of  a sinylc,  isolated  resontuieo  is  treatee  first. 

A tiecnanically  vibratinj  st-stea  witi  a sinjlc  ueireH;'  of  frotax>-  ;,  uriven 
eivixisurt'  to  tie  electric  ficlc  of  a evipacitor,  can  be.'  re; a-csuiteu, 
at  tic  caixicitor  tcr.iinals,  b\’  tii.  electrical  cr;uivalont  circuit,  'nils 
was  first  shexvn  b\’  nuttcn.'ort-i  (119)  in  1914.  In  lUk,!,  Cauy  (120) 
eescrioeu  exjxirii.'cnts  on  fjuartz  resonators,  anu  repro.sonted  t.o  Ixiiavior 
near  a rcsoiumoL'  ijy  yiviuj  tie  oruivalcnt  series  ane  ^jctrnllcl  ntsistance 
tuiu  cai>acitanoc , 'wliiai  are  tien  functions  of  froiueney'. 

Vais  was  foiioiveu,  in  i'J25,  b^*  Van  tA4:c's  note  (121),  v/hcrein 
he  ijave  a circuit  diicn  consisteu  of  uonstant- value  clci.onts,  it  tumeu 
out  to  oc  iccntical  witi  e.uttcr./ortii's.  llie  buttenirorti-Van  Dyke 
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circuit  is  shown  in  Fig.  1.  It  was  subsequently  verified  experijnentally 
in  a series  of  thorough  investigations  (122-126)  by  Dye  in  1926, 

Van  Dyke  in  1928,  and  Watanabe  in  1928-1930.  It  is  still  in  use  today 
(127) . 

Another  path  to  the  same  result  is  via  :iindlin's  (63)  approxijnatD 
plate  equations;  it  may  be  shown  that  when  the  plate  is  allowed  to 
beoaie  laterally  unboundeu,  tlie  input  inmittanoe  in  tlie  region  near 
the  thickness-sliear  mooe  is  also  realized  by  tlie  circuit  of  Fig.  1. 

As  long  as  a vibrating  piezoelectric  system  is  confined  to  a 
frequency  at,  or  near,  an  isolatea  resonance,  then  the  iiput  inpeoanoe 
is  auequetely  oescribeo,  for  the  majority  of  cases,  by  this  simple 
circuit.  If  it  is  desired  to  use  the  vibrator  bo  couple  mechanical 
motion,  tlien  the  uevioe  is  no  longer  a one-port,  and  mechanical  terminals 
must  be  aodeo.  Itiis  was  done  by  Mason  (123) , who,  in  1935,  gave  an 
equivalent  network,  valid  near  a single  resoncinoe;  it  consisted  of  one 
electrical  anu  two  meclianical  ports,  ana  is  slxawn  in  Fig.  2. 

ii) . We  new  consider  representations  which  describe  a single  mode, 
but  which  take  into  account  all  of  tiie  resonances  associated  with  it. 
Butterworth  (129)  was  first,  liere,  also.  His  circuit  for  the  family  of 
resonances  belonging  to  a single  mode  is  given  in  Fig.  3;  it  consists  of 
a single  capacitor  shunted  by  an  infinite  nunber  of  series  RLC  cembinations , 
one  for  each  resonance. 

In  1939,  Mason  (130)  gave  an  exact  electrcmechanical  representation 
of  a crystal  vibrator  having  one  mode  of  moticn,  driven  by  an  electric 
field  normal  to  the  direction  of  propagacj.on  of  the  acoustic  waves,  liis 
oiffereu  frem  uutterworth ' s , vrtuch  is  also  exact,  in  that  the  infinity  of 
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FIG.  2.  MASON:  THREE -PORT,  SINGLE  RESONANCE, 
EQUIVALENT  CIRCUIT. 
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resonances,  instead  of  being  individually  displayed  as  RLC  circuits,  are 
Impea  together  into  frequency  sensitive  transcendental  functions.  Mason 
also  maue  allowance  for  the  two  mechanical  ports  for  the  purpose  of 
mechanical  coupling  at  the  bouncary  faces.  More  specialized  limiting 
forms,  sucii  as  represent  single- resonance  operation,  and  mechanical  clanp- 
ing  of  one  face,  etc.,  are  ueduoeu  fran  the  exact  form.  Ihe  exact  form, 
as  Mason  gave  it,  is  shown  in  Fig.  4. 

An  excellent  overall  introduction  to  equivalent  circuits  of  Mason's 
type,  for  tiie  various  types  of  moues  of  motion  used  in  practice  today, 
is  given  uy  r>erlincourt,  Curran  & Jaffe  (131)  . 

Aouitional,  exact,  equivalent  representations  have  been  given  by 
Hotli  (132-133) . These  networks  also  contain  lunped  circuit  elements 
wiiicii  are  transcendental  functions  of  frequency,  and  provision  is  maue 
for  two  mechanical  ports,  but  the  topology  differs  fran  those  of  Mason's. 
Other  results  are  uue  to  ilkstein  (62)  , wlio  obtained  a circuit  for  tlie 
bounaeu  crystal  plate,  correspcnding  to  his  approximate  solution,  of  the 
same  form  as  uutterwortli ' s (129). 

uecJiiiiann  (134)  , in  1940,  oonsidered  tliickness  modes  of  plates 
excited  witii  an  electric  field  in  the  tliickness  direction,  anc  arriveu 
at  ver>’  accurate  results  for  tlie  elements  of  uutterworth ' s 1915  circuit, 
including  the  effects  of  uamping  anu  air-gap.  These  results  IxdIu  for  a 
crystal  plate  of  any  orientation.  In  1952  lx?  gave  a formulation  of  the 
Qiristoffel  metlioa  wherein  he  s.howeo  clearly  iiow  ti»e  piezoelectric 
stiffening  modifies  the  eiaenvectors , aiu  gave  sene  auciitional  consider- 
ations not  given  in  uawson  ((>1)  ; Uie  eliient  valut!S  of  tlie  equivalent 
circuit  (129)  were  also  calculate!.,  usiixg  an  ajprtixbnate  exjiression  for 
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FIG  4 mason:  EXACT.  THREE  - PORT,  SINGLE  MODE- TYPE, 
EQUIVALENT  CIRCUIT.  APPLIED  FIELD  NORMAL  TO 
WAVE  PROPAGATION. 


FIG  5.  REDWOOD  & LAMB:  TRANSMISSION  - LINE  SCHEMATIC 
OF  MASON'S  EXACT,  THREE -PORT,  SINGLE  MODE -TYPE, 
CIRCUIT.  APPLIED  FIELD  PARALLEL  TO  WAVE  PROP- 
AGATION . 
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laterally  finite  plates.  A 1953  addendum  (46)  , treated  the  case  of  an 
electric  oriving  field  at  an  arbitrary  direction  to  the  crystal,  and 
the  effective  piezoelectric  constant,  forcing  a thickness  mode,  is 
given  in  general. 

liolland  has  applied  his  Green's  function  techniaues  (103,  104), 
which  we  referred  to  in  connection  with  piezoelectric  surface  driving, 
to  oenpute  general  N-port  circuits  valid  near  a resonance.  He  anu 
ber^^Nisse  (135,  136)  have  also  been  successful  in  using  variational 
proceaures  to  achieve  the  same  end. 

iii)  . Let  us  now  pick  ip  the  threads  of  two  ideas  vhicii  will 
bring  us,  at  last,  to  the  heart  of  tlie  matter  of  piezoelectric  crystal 
equivalent  circuits  as  the^’  stand  today.  The  threads  arc  thenselves 
entwined,  so  they  will  be  discussed  together.  'I'he  first  idea  ooncems 
the  transcenoental  nature  of  the  circuit  elements  referred  to  in  various 
places  above,  while  tJie  second  pertains  to  the  direction  of  the  electric 
forcing  field. 

It  turns  out  tlrat,  for  acoustic  plane  wave  prepaqation  in  a 
piezoelectric  crystal,  the  electric  field  associated  with  the  wave,  in 
the  quasistatic  approximation,  must  be  purely  longitudinal.  This  is 
shown  clearly  by  Auld  (8) . In  the  general  case,  vAien  the  quasi-static 
approximation  is  not  usexi,  the  field  may  have  a transverse  oenponent 
(48),  but  this  is  not  of  interest  for  us.  This  fact,  that  a longituuinal 
electric  field  is  associated  with  the  acoustic  wave,  requires  a distinc- 
tion to  be  made  as  to  the  direction  of  the  applied  forcing  field,  or, 
alternately,  as  to  the  electroding  arrangement  on  a plate,  and  shews 
ip  in  the  equivalent  networks.  TVro  cases  are  distinguished:  electric 

field  in  the  plate  thickness  direction,  called  here  thickness  excitation 
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of  thickness  modes  (Tb’m)  and  electric  field  lateral  to  the  unique, 
thickness  direction,  called  lateral  excitation  of  thickness  modes  (LL*IM) . 

We  described  Mason's  1939  exact  circuit,  containing  transcendental, 
Itnfjed,  elements  (Fig.  4) . The  situation  oorresponded  to  the  L£TM  case. 
Bechmann's  1940  analysis  (134)  covered  the  IbTIM  case.  Both  of  them 
arrived  at  transcendental  frequency  equations  of  slightly  different 
fom,  as  befits  the  two  cases  of  excitation.  What  these  analyses 
shewed,  ^)art  frem  the  differences  between  the  two  canonical  types 
of  excitation,  was  that  the  presence  of  the  piezoelectric  effect 
produces  a non-harmonic  relationship  between  the  overtones  of  the  mextes. 
Furthermore,  the  effect,  for  each  mode  type,  is  cxjntained  in  a single 
constant,  the  piezcjelecrtric  covpling  cxaefficient,  vAiich  is  a function 
of  the  mode  type,  the  vibrator  material,  and  orientation  of  the 
specimen  with  respect  to  the  crystallographic  axes.  Gradually,  the 
fundamental  in^ortanco  of  this  coefficient,  and  of  the  meaning  to  be 
attached  to  the  departure  of  the  overtones  of  a single  mode  frtan  a 
harmonic  ratio,  have  become  generally  understood  (137-143) . This  under- 
standing was  raatericilly  aided  by  Tiersten's  1963  paper  (64)  which 
contains  a rigorous  analysis  of  Lawsen's  problem  and  a clear  explanation 
of  the  non-harmonic  effect  in  the  TLTM  Ccise. 

Having  remarked  that  the  firequencies  of  natural  vibration  of 
a piezo-resonator  are  derived  fran  the  non-harmonic  roots  of  a trans- 
cendental equation,  of  slightly  different  form  for  the  two  cases  TEIM 
and  LLTM,  we  may  also  recall  that  Mason's  1939  lutped,  exact  eqxri valent 
network  contained  transcendental  elements,  and  further,  that  he  clearly 
stated  this  was  necessary  to  account  for  wave  transmission  in  the 
nediun.  A finite  transmission  line,  by  itself,  has  inmittance  poles 
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and  zeros  which  are  harmonic,  but  a length  of  line  with  a lunped  circuit 
element  attached  to  one  end  has  a relation  for  the  critical  frequencies 
v»hich  is  of  the  same  form  as  the  piezo-resonator's.  When  the  piezoelectric 

I 

j covpling  coefficient  vanishes,  the  plate  problem  reduces  to  that  of 

ifioga  (55)  , and  has  the  same,  harmonic,  frequencies  as  a length  of 
f . transmission  line  with  nothing  attached.  This  situation  begins  to 

^pear  very  similar  to  the  discussion  of  the  piezo-plate  by  Lawson 
(61)  vhere  he  introduced  an  "effective  thickness"  due  to  the  piezoelectric 
effect.  If  oirly  one  mode  is  present,  this  would  be  similar  to  the 
electrical  length  of  the  loaded  transmission  line  just  mentioned. 

In  terms  of  Tiersten's  (64)  ocnplete  analysis,  the  lutped  circuit 
is  a manifestation  of  the  piezo-covpling  i^hich  takes  place  at  the 
boundary.  Ihe  justification  for  this  line  of  reascnir^  and  the  establish- 
ment of  the  transnission-line  analogs  for  the  I£TM  and  TEIN  cases 
for  a single  resonator  plate,  and  for  any  number  of  layers  of  such 
plates,  will  be  given  in  this  dissertation. 

. The  transcQidental  frequency  equations  ctotained  in  the  single- 

mode  case,  for  both  TE'iM  and  LEIM,  have  been  approximated  by  a veuriety 
of  algebraic  formulas  (142,  144-146),  which  hold  in  the  region  of 
any  one  resonance.  Marutake's  method  is  to  make  partial-fractions 
expansions  of  the  iitmittances . In  the  IJLTM  case,  (144)  this  deocrposition 
is  shewn  to  be  realized  by  dutterworth ' s (129)  exact  circuit. 

Onoe  ana  Junonji  (142)  , discuss  a large  variety  of  modes  of 
ceramic  plates,  bars,  and  other  oonf iguratiens , and  show  that  they 
can  be  classified  into  one  or  other  of  the  canonic  types  which  we  have 
called  (in  the  case  of  thickness  moctes  of  plates)  , TETM  and  U7IM. 
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The  terminology  they  have  used  is  "stiffened"  and  "unstiffened"  respec- 
tively; this  refers  to  the  effect  on  the  elastic  constant  due  to  the 
piezoelectric  nature  of  the  material.  We  do  not  adopt  this  nomenclature, 
because,  as  we  shall  show  later,  generally  all  modes  are  stiffened, 
but  there  are  other  subtle  differences  which  make  a distinction  between 
these  two  classes  of  modes  essential.  Because  we  deal  only  with  thickness 
modes  of  plates  we  shall  stick  with  the  names  TETM  and  L£TM  exclusively. 

iv) . Our  discussions  have  brought  us  to  the  last,  and 
most  inportant  part  of  the  equivalent  network  picture  as  it  concerns 
us.  We  have  alluded  to  it  here  and  there  in  the  previous  par£>graphs, 
and  now  take  it  tp. 

In  his  works.  Mason  has  always  regarded  his  equivalent  circuit 
containing  transcendental  elements  as  representing  the  wave  transmission 
properties  of  the  transducer  he  is  characterizing.  The  circuit  is 
cilways  given  in  Imped  form,  however,  possibly  because  nunerical 
calculations  are  facilitated  thereby;  the  transcendental  immittance 
elements  are  the  only  hint  at  a spatially  distributed  circuit.  In 
1956,  Redwood  & Ijamb  (115)  redrew  Mason's  lunped  circuit  by  using 
a piece  of  transmission  line  to  replace  the  transcendental  ootponents, 
which  they  recognized  as  the  bee  form  of  the  distributed  network, 
and  they  have  continued  to  use  the  pictorially  new  circuit  in  succeeding 
f«pers  (147,  99,  100,  146).  We  present  their  representation,  corresponding 
to  the  TtHM  case  (cis  indicated  by  the  negative  capacitor) , in  Fig.  5. 

Investing  the  electrical  schematic  with  a physical  length  was  an 
inportant  step  forward  in  the  development  of  a true  analog  such  as  we 
will  give.  Use  of  the  trananissicn-line  element  in  schematic  networks 
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for  crystals  is  still  a very  infreqxjent  occurrence,  however,  aside  fron 
the  vrorks  of  RedMXxi,  Lairb,  and  their  oolleagues,  referred  to  above. 

One  r^resentation  was  given  by  Franx  (148) . They  have  also  been  used 
in  schanatic  form  by  Leedora,  Krimholtz  & Matthaei  (98,  149). 

The  latest  representations,  those  of  Leedom,  Krimholtz  and  Matthaei, 
in  1970-1971,  stress  the  desirability  of  a transmission- line  schematic. 
Ihey  give  three-port  circuits,  using  transmission  lines,  having  fonts 
quite  different  from  those  of  Mason  as  redrawn  by  Itedwood  & Laitb.  In 
these  new  networks  the  electrical  port  is  connected  to  the  center  of  a 
purely  acoustic  transnission  line  of  length  equal  to  the  frequency 
determining  length  of  the  vibrator.  Some  of  the  circuit  elements  in  the 
networks  ar&  not  constant  but  are  frequency  sensitive,  and  no  attenpt  is 
made  to  produce  a true  analog,  but  sinply  one  which  is  valid  at  the 
three  ports,  one  motivation  for  the  develc^ment  of  the  circuits 
of  Leedom  et  al.  is  the  fact  that  a Mason-Redwood  & Lanb  network 
schematic  shows  the  boundary  acoustic  forces  to  be  developed,  not  across 
the  transmission  line  alone,  but  partly  across  the  transmission  line 
and  partly  across  the  piezoelectric  transformer  vhich  connects  the 
transmission  line  to  the  electrical  port.  Ihis  is  a valid  criticism, 
and  Leedcm  et  al.  have  succeeded  in  separating  the  acoustic  and  electrical 
effects,  but  at  a cost  of  greater  ccrplicaticns  elsevhere  in  the  circuits. 

The  network  picture  of  Redwood  & Lamb  does  appear  to  be  sonewhat 
ui^ysiced  in  the  form  they  gave  it.  We  will  shew  si±)sequently  that, 
by  splitting  the  transformers  representing  the  piezoelectric  coipling, 
and  removing  them  to  the  two  boundaries  of  each  of  our  plates,  the 
Mason-Redwood  & Lamb  circuit  schematic  which  results  is  cap>able  of 
a strict  analog  interpretation.  That  is,  we  invest  the  graphical 


representation  not  only  with  a length,  but  endow  it  also  with  a spatial 
oc»rdinabe  corresponding  point  for  point  with  that  of  the  physical 
problem  - we  shall  have  a true  analog,  and  the  network  schematic, 
therefore,  will  take  on  a significance  it  has  never  had  before. 

One  last  point  remains  to  be  made  here.  In  all  of  the  discussions 
under  c.  we  have  confined  our  attention  to  the  case  of  a single  mode  in 
the  resonant  systan.  This  is  sinply  because,  vdiile  covpled-mode  equiv- 
alent circuits  have  been  described  in  the  literature  (150) , they  seem 
all  to  be  concerned  cnly  with  operation  in  the  vicinity  of  two  coupled 
resonances,  rather  than  a coiJpling  between  circuits  of  Mason's  type 
(Fig.  4) . 

From  what  we  have  described  in  earlier  sections , it  is  kixawn  that 
there  are  three  thickness  modes,  and  they  ootple  mechanically  and  piezo- 
electrically  at  each  boundary.  Redk*Kxxi  (100)  remarks  that  a nunber  of 
circuits  (Fig.  5)  would  have  to  be  combined  to  obtain  a truly  r^resen- 
tative  network  for  transient  cxjnditions.  We  shall  show  that  three  such 
elementary  circuits  are  required,  for  our  problan,  and  will  give  interface 
networks  which  r^resent  both  types  of  coupling  in  a which  is 
physically  meaningful.  The  trananission  lines  are  cxsnventicaal , and  the 
lm|)ed  elements  are  all  constant;  the  ciifferenca  between  the  cases  of 
TEIM  and  unM  is  also  simply  indicated  by  the  presence  or  absence  of  a 
negative  c:^acd.tor  in  just  the  form  usually  given  (131)  in  single-nocie 
situaticxis . 

7.  Some  of  the  pracrtical  uses  to  which  stacks  of  plate  vibrators 
have  been  put  aua  descnribed  above  (73-86) . We  wish  here  to  inciicate  a 
nu±ier  of  references  which  pertain  to  the  use  of  acaustic  nethocSs  for 
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measurement  of  material  properties,  either  of  a single  resonator  by 
itself,  or  as  a stacked  oaibination.  Huntington  (151)  gives  yiHii-ionai 
references  to  the  use  of  "coiposite  oscillator"  raeasuranents  for 
determination  of  unknown  material  parameters.  The  p^ser  by  Bolef  & 

Menes  (85)  gives  an  exanple  of  elastic  constant  measurement  by  measuring 
acoustic  rescaian<3es ; the  layers  are  represented  by  trananissicjn  lines. 
Cook  & Van  Valkenburg  (152)  use  resonances  to  determine  the  thicdcness  of 
a specimen.  In  McSlcimin  (153)  is  a very  good  outline  of  methods  used  for 
measurements,  with  a generous  uibliography  of  the  pertinent  literature. 
The  specific  area  of  crystal  vibrator  measurements  is  discussed  in  the 
IKEE  Standards  (154-155)  and  in  Horton  & Boor  (156)  . 

8.  General  background  information  relating  to  various  areas  we 
touch  tpon  xn  later  chapters  wm  given  in  references  (157-189) . The 
subject  of  elasticity  is  covered  in  (157-163,  165-167,  172,  173,  178, 

184,  187  & 189) ; propagation  of  waves  in  solids  may  be  found  in  (159, 

160,  163,  165,  167,  171-173,  187  & 189).  The  characterization  of 
material  properties  is  ciescribed,  with  data,  in  (164,  165,  179-181,  186 
& 203),  while  references  (161,  162,  176,  177,  185  & 188)  treat  practical 
vibrating  systems  and  devicoes;  equivalent  circuits  of  devices  are  given 
in  (168-170,  180  & 185).  Normal  coordinate  transfornations  may  be 
found  in  (158,  174,  179,  & 187) , and  genereil  history  relating  to  our 
subjec:t  is  found  in  (159,  160,  175,  182  & 183). 
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II.  UNUOUNULU  PlEEOELfcXTTRIC  MEDIA 

In  tills  chapter  we  cxinsioer  tlie  propagation  of  acoustic  plane  waves 
in  a piezoelectric  meuium.  The  propagation  is  shewn  to  be  representable 
by  trananission-line  equations.  Equivalent  transmission-line  schematics 
are  tlien  introuuoeu,  anu  form  tlie  basis  for  tlie  networks  to  be  described 
in  subsequent  diopters. 

A.  Acoustic  Plane  Waves. 

Our  notation,  and  definitions  regarding  crystal  axial  conventions, 
orientation,  and  constitutive  relations  agree,  for  the  most  part,  with 
the  li<49  "Standarus  on  Piezoelectric  Crystals"  (154) . Tensor  notation 
is  usea  almost  exclusively  (64)  , altliough  we  sliall  have  occasion  to  use 
matrices  (65)  as  well.  Equation  nunabers  will  be  enclosed  in  parentheses, 
as  are  references  to  the  Bibliograpliy;  Jiowever,  equations  will  be 
describee  by  two  nunbers  separatee  by  a decimal  point.  The  first  nunber 
oenotes  the  chapter  nunber. 

In  eescribing  plane  acoustic  wave  propagation  in  piezoelectric 
crystals,  two  main  afproaches  are  found  in  the  literature.  The  first 
is  the  traditional  Giristoffel-Green  formulation,  perhaps  best  presented 
by  bedmann  (45,46)  , eis  augmented  for  inclusicxi  of  piezoelectricity. 

In  Uiis  formulation,  every  tiling  is  referred  to  a set  of  coordinate  axes 
which  coincide  with  the  crystallogrcpliic  axes,  insofar  as  this  is 
gecmetrically  possible.  This  set  of  axes  is  almost  invariably  used  to 
specify  cerponents  of  the  material  tensors  determined  by  measurement 
(181,186) , since  the  presence  of  crystal  syimetry  elements  leads  to 
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siirplifications  in  this  frame,  ana  such  syimetry  is  more  readily 
apparent  in  an  inspection  of  the  term  schemes  for  a given  crystal 
class  (139,  166,  179,  180). 

Ihe  airecticn  of  wave  propagation  is  generally  oblique  to  this 
axial  set,  and  is  specified  by  its  projections.  For  any  assuned  propa- 
gation direction,  one  must  solve  an  eigenvalue  problon  to  determine  the 
three  phase  velocities  and  the  oorresponding  particle  displaoEment 
airections.  In  setting  the  problem,  the  elements  I7j  , of  the 
s€2cular  eqioation,  called  Chris  toff  el ' s moduli,  are  simply  determined  in 
terms  of  the  elastic  stiffnesses  and  the  known  (or  assumed)  propagation 
airection.  A similar  raticuic  applies  to  the  inclusion  of  the  piezo-effect 
into  the  secular  equaticn.  Fran  the  presence  or  absence  of  various  terms, 
one  can  see  at  a glance  viiether  the  different  ccmponents  of  motion  are 
coupled,  and  whether  the  ooi^sling  is  elastic,  piezoelectric,  or  both. 

One  also  sees  immediately  if  a given  mode  can  be  excited  for  a driving 
field  parallel  to  the  wave  propagation  airection,  corresponding  to  TLTM 
for  us. 

When  dealing  with  our  problem,  these  advantages  are  offset  by  the 
fact  that  the  plate  bovndaries  are,  generally,  obliqxje,  and  the  analysis 
becomes  less  straightforward  and  clear,  hence  we  shall  follow  Lawson  (61) , 
Kyame  (66) , and  Tiersten  (64) , and  choose,  without  loss  in  generality,  the 
direction  of  wave  propagation  as  a coordinate  axis,  v^ioh  we  take  to  be 
the  +X3  axis.  Ftor  our  purposes  now,  it  is  sufficient  to  prescribe  only 
that  x^  and  x^  are  chosen  to  form  a right-handed  orthogonal  system  witli 
x^  , and  that  the  transformation  between  our  Xj  and  the  crystallographic 
X,Y,Z  system  specified  in  (154)  is  known.  Transformations  are  described 


I 


ill  (ioii&iyO)  . Vvitli  tlie  problem  set  14^  in  tlie  x;  systan  one  has  to 
refer  ail  of  tlie  rec]uireu  material  ooefficient  cxnponents  to  tiiis 
si'stem,  aiiu  tiien  set  up  tiie  secular  equation. 

because  tiie  problem  is  iniierently  one-dimensional,  witii  no  variations 
takiiKj  place  in  tlie  plane  lateral  to  tlie  wave  projression,  the  eigenvalues 
are  inuepeiioent  of  a oooruinate  rotation  about  x^  . However,  tlie 
orientation  of  tiie  Xj  tuic  x,  axes  enters  into  tiie  expressions  for  trans- 
forr.lng  tiie  uatcrial  coefficient  coiaxinents,  anu  so,  v-^ile  everytiiing 
cones  out  projarly  in  tiie  Xj  frame,  it  is  haruer  to  recognize  certain 
sinplifications  tliat  are  easily  noteu  in  tlie  otlier  formulation.  Never- 
tiieless,  trails forr.iing  tiie  problijn  to  the  Xj  s\\stf3n  presents  no  conceptual 
uifficulties,  nor  uoes  it  result  in  any  loss  of  generality.  As  it 
simplifies  tiie  analysis,  we  sliall  adopt  it  here.  On  the  otlier  hand,  we 
sliali  give  scare  tables  in  tiie  Appcnuices  wiiich  tire  more  readily  under- 
stooa  in  tiie  X,Y,Z  frame,  so  we  iiave  neeu  for  botii  sets  of  coordinates 
in  what  follows. 

We  use  tlie  conventicais  tiiat  a subscripteu  ineex  proexxieo  by  a conria 
inui cates  uifferentiation  witii  respect  to  tiie  space  coordinate  having 
tliat  subscript,  uot  notation  inuicates  time  differentiation,  and  tiie 
sunnation  convention  for  rejxiatea  indices  is  erployed. 

Hie  pertinent  sets  of  equations  wiiicii  have  to  be  solvec  toaether  are 
(see  (fa4,lyi)): 

Hie  stress  equations  of  motion,  corresponding  to  No^rton's 
equations 


Tlie  equatiens  defining  mechanical  strain 


(2.1) 
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The  divergence  relation  from  MajMell's  equations,  in  the  absence 


of  free  charge 


D,;  = O. 


The  electric  field-electric  potential  relations,  in  the 

quasi-static  approximation 

F ' - 9?.  <2.4) 

tkL  - Tjlt  • 

The  linear,  piezoelectric  constitutive  relations,  cliciracterizing 


tlie  medium  (154) 


^|t  • (2.6) 

Lquation  (2.5)  is  Hooke's  Law,  extended  to  take  into  account 
piezoelectricity . 

In  these  equations:  T^j  , Uj  , S^j  , , Ej  are  the  corponents  of 

stress,  meciianical  displacement,  strain,  electric  displacement,  and 

electric  field,  respectively,  while  ^ and  are  the  mass-density  and 

r 

electric  potential,  respectively.  The  material  parameters  /C  .,  . , 

<j  wt 

$ 

and  F l,  are  the  elastic  stiffnesses  at  constant  electric  field, 

kij  tK 

tlie  piezoelectric  stress  constants,  and  dielectric  permittivities  at 
constant  strain,  respectively.  All  Latin  indices  have  the  range  1, 

2 and  3. 

Assuning  that  there  are  no  field  variations  in  the  lateral  directions, 
Xj  and  x^  , but  only  along  the  direction  of  propagation,  x . , ana  assuidng 
a time  factor  exp  (+j<ot)  henceforth  omitteu,  equations  (2.1)  through 
(2.6)  becune 
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- , 

(2.7) 

= ^je,3+S,^  > 

(2.8) 

^3,3 

0 

It 

(2.9) 

^3 

- 

(2.10) 

T . _ 

'^*'3  ~ ^33j  ^3  ) 

(2.11) 

^3  " 

^If3  + % ^3  ' 

(2.12) 

All  Other  ocitponents  of  the  elastic  strain  vanish,  from  (2.2)  and  oirr 
assirption  of  field  variations  with  Xj  only.  Additional  stress  com- 
ponents are  generally  present,  but  as  they  do  not  play  any  part  in  the 
problems  treated  subsequently,  we  do  not  consider  them  further.  They 
may  be  calculated  from  (2.5)  vhen  the  strain  and  electric  field  com- 
ponents are  oetermined. 

Aulu  has  shown  (8)  that  tliere  can  be  no  electric  field  conponents, 
associatea  with  the  wave,  transverse  to  its  oirection  of  propagation. 

A uniform  lateral  field  may,  however,  be  inposed  upon  a region  by  sources 
other  than  the  wave;  we  will  have  occasion  to  consider  this  in 
Cnapter  IV.  Lateral  electric  displacement  ccrponents  may  be  associated 
witli  plane  waves,  ana  are  calculated  from  (2.6)  ; tliese  also  arise  in 
Chapter  IV. 

Equations  (2.8)  and  (2.10)  may  be  used  to  eliminate  the  strain  and 
electric  field  from  (2.11)  and  (2.12),  to  give 

"’sj  = ^3jiO 

eina 

^3  - ^3ll3  ~ ^33  • 


(2.13) 


(2.14) 


> ■ f 
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Substitution  of  (2.14)  into  (2.9)  then  yields 

_ y 

^k.,33  - €^33  = O,  (2.15) 

so  that 

= Cc3^3  /e^)  . (2.16) 

Integration  of  (2.16)  gives 

= C ^3(f3  / 633J  + bj  • (2.17) 

When  this  is  inserted  into  (2.13)  there  results 

”^3j  “ *jt»3  ^kj3  ^33j  ^3  (2.18) 

vAiere 

^3j>3=  ejk3/^33  (2.19) 

are  the  "piezoelectrically  stiffened"  elastic  stiffnesses  at  constant 
normal  electric  displacement  ana  constant  tangential  electric  field. 

Insertion  of  (2.17)  into  (2.14)  shows  D3  to  be  a spatial  constant, 

y 

J’3  = - ^33  0.3  ) (2.20) 

that  is,  tlie  longitudinal  ocrponent  of  the  electric  displaoanent 
cannot  vary  with  x . . 

Ihe  equations  of  motion  are  obtained  from  (2.18)  and  (2.7)  as 

° ^ (2.21) 

which  shows  the  motions  Uj^  to  be  coupled  through  the  elastic  constants. 

Equation  set  (2.21)  may  be  solved  by  assiming  the  U)^  to  be 
proportional  to  exp  (-jxx  which  will  satisfy  (2.21)  provided 
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with 


XI  = ^co  / X.  ^ 

ana  tlie  are  the  prc^rtionality  constants. 

To  obtain  a nontrivial  solution  to  (2.22)  requires  that 


(2.22) 


(2.23) 


= O . (2.24) 

liquation  (2.24)  is  a cubic  in  c,  and  gives  three  real,  positive  roots 


c^'^  , frcm  which  three  real  wavenunbers  niay  be  obtained  fron 

(2.23)  for  a specified  value  of  CJ  . Each  c^'^  also  determines 
a set  of  ratios  among  the  ccnponents  ^J’^of  the  corresponding 
eigenvector;  if  the  ccnponents  for  each  (i)  are  normalized  by 


^ = 


= <L 


(2.25) 


then  the  are  the  direction  cosines  of  the  particle  displacement 

for  each  of  the  three  modes  (i)  . The  |S]^  also  have  the  property 


h ^ 


= > 


(2.26) 

vshere  j|^  is  the  Kronecker  delta.  In  matrix  terminology,  one  would 
say  that  the  modcil  matrix  is  orthogonal  (192-193)  , a property  which 
will  prove  useful. 

At  this  point  we  introduce  a transformation  to  normal  coordinates 
(194,65)  by  defining  the  quantities: 


U; 


-S3j 


r,- 

U) 


(2.27) 

(2.28) 


ft 


33l 


(2.29) 
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SO  that  the  motions  Uj*^’  are  now  unooipled  in  the  differential 
egxiations  (2.39). 

Equations  (2.33)  and  (2.38)  will  be  associated  below  with  the 
equations  of  a uniform  transmission  line  (195) . 

For  future  referenoe,  we  note  that 

C 0 

^3K3  ^ *^3(0  (2.40) 

is  invariant  under  the  transfomation,  because 

<^3H3  63.3)  U.^) 

(0  (/W)  ^ ^ 

f>k  ^3i3 

, O O 

— °L'^  ^3i'3  d/B, 

a 0 

= ^3,3  Ui 

Ihe  equation  for  the  potential  (2.17)  sinply  becomes 

^ - (63^3/  U[t  •+■  a3%3  -h  t>3  ' (2.41) 

It  is  seen  from  (2.41)  that  the  -directed  oorponent  of  electric 
fiela  cirising  from  the  particle  displacement  due  to  the  passckge  of  a 
wave  reverses  direction  when  the  wave  direction  reverses. 

In  the  above,  we  have  given  a short  description  of  plane  acoustic 
' waves  traveling  in  an  hratogeneous,  linear,  but  arbitrarily  anisotropic, 

piezoelectric  substance.  The  three  modes  vdiich  are  allowed  for  any 
assuned  propagation  direction  have  motions  vhich  are  ootpled  ty  the 
elastic  constants;  a normal  coordinate  transformation  uncouples  them, 
and  provides  a set  of  first  order  differential  equations  vdiich  cu?e  to 
be  ocnpared  with  the  Heaviside  equations  for  a transmission  line.  This 

, 


> ■ f 


will  new  be  done. 


B.  I’ransniission-Liine  Representation. 

Heaviside's  equations  for  a transmission  line  are  (195,  110): 


u)  (0  (o 

= Z„  I 


(2.42) 


d)  (0  (<■’) 

= Y,  V 


(2.43) 


where  V'*  anu  are  the  voltage  and  cairrent,  respectively, 
associateo  witii  mode  (i)  ; and  are,  in  like  manner  the 

respective  transmission- line  cliaracteristic  impedance  ana  acini ttance. 


± / Yc  . 


(2.44) 


Ihe  wavenunber  >c  ^ ^ , for  each  mode  (i)  , which  governs  propagation 
along  x,,  is  defined  as 


CO  / lt  , 


(2.45) 


when  there  is  no  transverse  wavenunber  oonpcxient,  as  in  our  situation. 
In  (2.45),  v^'^  is  the  phase  velocity  along  x^  . Ihe  symbol  X.  has 
been  used  in  (2.23)  in  connection  with  the  elastic  wave  discussion, 
inasmuen  as  the  elastic  wave  velocity  for  mode  (i)  is 


tr  = ^/C  / ^ ^ (2.46) 

where  c^'^  is  the  i^’^  root  of  (2.24)  , it  follows  that  we  have 
implicitly  already  made  this  icientific:atic3n  between  the  acoustic 
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waves  and  the  equivalent  transmission  lines.  That  the  velocity  is 
given  by  (2.4b)  follows  fran  the  wave  equation  (2.21)  or  (2.39),  so 
(2.23)  is  the  same  as  (2.45) . We  are  free  to  ma)ce  the  corresponding 
wavenunbers  equal;  it  amounts  to  positing  three  trananission  lines 
(one  for  each  (i) ) , each  sipporting  a wave  propagating  with  velocity 
v^‘^  fran  (2.4b)  . It  remains  to  be  seen  whether  this  assuiption,  and 
tiie  pertinent  acoustic  equations,  are  then  consistent  with  Ixeaviside's 
equations  (2.42)  ana  (2.43)  . We  taJce  up  this  qxaestion  next. 

First  we  repeat  (2.33)  ana  (2.38)  here. 

-T-*  ^ “ 

'3ij3  - ) (2.33) 

--  “ 19  e o 

‘3C  ~ ^ +■  ej3£  0-3  . (2.38) 

Note  that  the  term  e • a ^ , which  is  piezoelectric  in  nature , is  a 
spatial  constant.  Apart  fran  this  term,  the  above  set  of  ooupled 
first-oraer,  oruinary  aifferential  equations  is  very  similar  to  the 
set  (2.42)  , (2.43)  . Our  inmeoiate  goal  is  to  nake  this  similarity  an 
iuentity,  after  which  the  piezoelectric  term  will  be  taken  up. 

To  this  ena,  we  separate  the  stresses  T^*  into  two  groups  by 
ae fining 

''ji  = + 'Tii  j (2.47) 

witn 

0-3  . (2.48) 
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Because  is  a constant. 


Til, 3 


= o 


so  that  (2,33)  and  (2.3b)  new  can  be  written 


(2.49) 


T* 


X.  a 

= -^co  a- 


(2.50) 


(i)  0 ^ • 

/C  U/3  = T.- 

' ^ ^ (2.51) 

which  set  new  has  a structure  the  same  as  (2.42) , (2.43) . 

In  order  to  arrive  at  an  analogy,  corresponding  quantities  must 
be  paired.  Formally,  there  is  quite  sane  latitude  in  doing  this,  for, 
^jart  frem  the  fact  tiiat  either  ^ or  can  be  maae  analogous  to 

, ana  similarly  for  t , factors  of  proportionality  can  be  inserted, 

( i ) ^ o ( i ) 

as  oetween  V and  T , or  incorporated  into  the  definition  of  , 
etc.  As  a practical  matter,  certain  choices  appear  more  natural  than 
others,  hnotlier  oonsioeration  is  the  desirability'  of  having  our  results 
acoora  with  past  work. 

It  is  both  natural,  anu  in  accordance  with  results  we  have  described 
in  Figures  2,  4 anu  5,  to  choose  T proportional  to  and  u* 

(i) 

prcportional  to  l .We  specifically  niaice  the  following  choices  of 
analogous  quantities: 


lO 


O 

= at,, 


(2.52) 


Oi 


— - u.. 


(2.53) 


I^'^  is  tnus  the  negative  of  the  particle  velocity  in  the  transformeu 
system,  we  shall  aenote  this  velocity  by  v^^  ; it  shoula  be  clearly 
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distinguishea  f ran  the  wave  phase  velocity  v ^ ^ . As  both  quantities 
take  the  same  symbol  in  the  current  literature,  it  seems  best  to  retain 
it  for  both  uses  with  the  foregoing  caveat. 

With  the  choices  (2.52)  and  (2.53) , plus  (2.44) , (2.45)  and 
(2.4b)  , the  equations  beccme  consistent  if  we  ma)ce 

CD  (C) 

= /A  (=  tr  ^ (2.54) 

as  may  be  verifieu  by  straightforwaru  substitution. 

Ihe  factor  "A"  which  appears  as  the  prc^rtionality  constant  in 
(2.52) , ana  again  in  (2.54) , shall  be  taken  equal  to  a portion  of  area 
perpenaicular  to  the  phase  progression  of  the  waves,  i.e.,  notnal  to 
X 5 . Ihis  allows  the  voltages  on  the  lines  to  represent  forces , ana  in 
so  ooing,  makes  our  representation  acooru  with  usual  practice,  without 
any  loss  in  generality. 

A word  shoula  be  saiu  about  the  minus  sign  appearing  in  (2.53) , 
which  looks  scmewhat  mysterious  at  first.  It  comes  about  as  a result 
of  the  aefinitions  and  conventions  regaroing  power  flew  in  acoustics 
ana  electranagnetics , ana  is  anply  uiscussea  in  the  literature  (B,  9, 
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Another  aspect  of  interest  is  that  of  the  symmetry  properties  of 
the  transmission- line  variables,  in  particular,  the  reflection  properties 
relating  positive- traveling  and  negative- travelirq  waves.  Ueavisic^'s 
equations  require  that  two  waves  progressing  in  opposite  directions  must 
differ  in  the  sign  of  one,  anu  only  one,  of  the  variables,  voltage  or 
current.  For  isotropic  materials,  it  is  snown  in  (118)  that  a 
reflection-synroetry  argument  oecioes  in  favor  of  a reversal  of  the 
current  oirecticMis  between  c^:positely  directea  image  waves,  while  the 
voltages  are  unchangeu. 

VVhen  arbitrary  anisotropy  is  present  this  argument  can  no  longer 
oe  invoked  to  choose  between  the  variables.  In  fact,  the  normal 
coordinate  transformation  we  have  introduoeu  places  both  sets  of  mech- 
anical variables  on  the  same  footing,  because  it  amounts  to  projectir^ 
tne  stress  and  velocity  ootponents  upon  the  eigenvector  of  each  mode. 

'ihe  basis  of  tiie  eigenvectors  provides  a preferred  axial  set  to  which 
syninetry  argunents  must  be  referred. 

The  important  point  for  us  is  that  Heaviside's  equations  are  cbeyed 
by  the  variaules  AT^i  ana  -u.  . This,  by  itself,  inplies  the  reversal 
of  one,  but  not  both,  of  these  quantities  for  an  image  wave;  we  are  free 
to  choose  tius,  and  we  make  the  choice  (2.55) , taking  u.  to  reverse 
direction  when  tne  wave  is  reversed,  so  that  the  usual  mirror  reflection 


synraetry  is  present  on  the  transmission  lines  when  oonsiderea  in  terms 
of  V ana  I 


because  the  same  transformation  is  applied  to  the  piezoelectric 

O 

oonstants  to  obtain  ® ^ , it  also  lacks,  in  general,  the  synmetry 

properties  possessed  by  C ^ . 
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1 

1 

We  have  new  established  the  analogy  with  the  Heaviside  equations 
in  the  fonn  we  will  use.  lt>  recapitulate,  we  take 


U) 

V 

” A ^ 

(2.52) 

r'" 

- , 

(2.55) 

fO 

II 

> 

(2.54) 

(C) 

/C 

(2.56) 

a) 

I. 

= i ! r,“'’  , 

(2.44) 

- U>  / (X'''  , 

(2.45) 

wnicti  makes  (2.50),  (2.51)  equivalent  to  (2.42),  (2.43). 

— o 

Returning  ncM  to  the  piezoelectric  term  T^.  , we  have  noted  that 
it  is  a constant  throughout  space,  and  sinply  aons  everywhere  to  the 
"wavy  " portion  of  the  stress  T^-  which  one  ra^  associate  with  motion 
on  the  transmission  lines.  It  arises  mathematically  from  tlie  integra- 
tion of  (2.16) , ana  is  independent  of  waves  propagating  in  an  unbounded 
medium.  Ihe  introduction  of  finite  boundaries  into  the  problem  is  a 
different  matter.  To  illustrate  the  effect  of  boundaries  we  will 
discuss  a modification  of  Fig.  5.  In  so  doing  we  will  attain  other 
objectives,  also:  it  will  serve  as  a preview  of  ChEqpter  III,  will 

introduce  a different  w^  of  drawing  transmission  lines  which  is  more 
useful  and  illuninating  for  our  purposes,  anu  establisii  continuity 
uetween  past  work  ana  the  new  network  results  to  be  presented. 


'ihe  schematic  representation  of  tne  transmission  line  of  Fig.  5 
suggests  an  iuealizea  version  of  a coaxial  line  (19&)  , whicii  is  shown 
witn  the  outer  slieath  oonnectea,  tiux)ugh  capacitors,  to  the  electrical 
terminal  ana  ntechanical  datum.  An  alternative  schematic  form  is  that 
of  tne  two-wire  line  (19b) , which  is  in  current  usage  (31,  11,  117). 

A section  of  line  orawn  in  tnis  manner  is  shown  in  Fig.  6.  There  is  no 
sheath  in  tiiis  case,  ana  the  only  points  of  entry,  or  attachirent,  are  at 
tne  enos.  Figure  7 is  a reurawn  version  of  Fig.  5,  usir^  the  two-wire 
format,  with  the  piezoelectric  transformer  reintroauoea,  as  in  Fig.  4. 

Drawn  in  tnis  fasiiion,  the  equivalent  circuit  is  more  suggestive 
of  the  fact  that  tiie  piezoelectric  excitation  may  be  oonsioerea  bo  arise 
at  tne  enos,  iiisteaa  of  neing  extenoea  throughout  tne  volune.  It  will 
appear  iii  Cnapters  III  ana  IV  that  this  is  the  case,  and  that  (2.4b)  is 
the  ariving  term  whicii  sinply  ados  to  the  wave  stress  to  produce  the 
totai.  mechanical  stress  at  the  plate  surface. 

In  tnis  chapter  we  have  obtained  equations  for  plane  acoustic 
waves  in  an  iiomogeneous , but  arbitrarily  anisotropic,  piezoelectric 
material,  in  a form  tnat  we  founa  to  be  representable  as  elastic 
motions  on  acoustic  transmission  lines.  A set  of  analogous  relation- 
snips  oetween  the  paraneters  of  t]^  line  and  the  acoustic  wave  was 
aeberminea,  thus  setting  tne  stage  for  the  considerations  of  the  next 
chapters. 


5^ 


FIG. 6.  SCHEMATIC  OF  TWO-WIRE  TRANSMISSION  LINE. 


FIG  7 TWO- WIRE  TRANSMISSION  LINE  SCHEMATIC  OF  MASON'S 
EXACT,  THREE  - PORT,  SINGLE  MODE  TYPE,  CIRCUIT.  APPLIED 
FIELD  PARALLEL  TO  WAVE  PROPAGATION  . 


111.  TiaGu>iLSS  UiCITATION  OP'  TiilCW>»LSb  ^DLlLS 


We  Dojin  by  presenting  the  analytic  solution  of  the  problem 
of  thickness  moces  of  an  electrouea,  piezoelectric  crystal  plate 
witn  traction-free  surfaces,  uriven  an  electric  fieiu  in  tne 
tnickness  uirection  (t>4,b5)  , after  wiiidi  we  syntnesizc  €2xact 
network  equivalents  using  transnission  lines,  'liicn,  witli  a view  to 
removing  Uie  restriction  to  traction-free  uoujearies,  the  electro- 
necaaiucai  ii.ipeoance  matrix  is  uctemiineci  h\  the  normal  oooruinate 
systeni.  inis  matrix  is  tiien  reaiizea  rigorously,  in  trans::u.ssion- 
iine  circuit  form,  l^ien  taken  tcxgether  witn  tiie  network  uevelop.veiits 
presentee  in  unapter  V,  tiie  IViM  problem  for  a single  plate  witli 
aruitrary  oouneary-port  concitions  oeoanes  oompletely  representeu 
by  tile  overall  network,  wiiich  is  a true  analog  of  the  ptiysical 
situation. 

n.  bingle-Plate  Crystal  Kesonator,  iraction-Free. 

Our  place  is  prcsunea  to  be  laterally  unbounoeu,  of  tiiickness 
zn,  tne  upjxir  ana  Icwcr  surfaces  at  x ^ = +h  one  -h,  res;x2ctively , 
are  furtiicr  presunee  to  be  naintaineu  at  ^xotentials  + anu  - % , 
also  respectively,  tiie  time  factor  e>qj  ( +]o  t)  oeing,  as  usual, 
suppressee.  i'ne  electrcees  for  acoemplishing  tliis  arc  not  of 
interest  now;  let  tnem  simply  be  iierfect  electrical  oonuuctors, 
massless,  anu  witnout  elastic  stiffness.  A sketch  of  the  situation 
is  given  in  P’ig.  b.  Tne  lateral  oooreinates  are,  likewise,  of  no 
interest  now. 

At  tne  plate  oounuaries , tiie  conoitions  to  uc  satisfice  are 
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FIG  8.  UNBOUNDED, TRACTION- FREE,  PIEZOELECTRIC  PLATE. 
THICKNESS  EXCITATION  OF  THICKNESS  MODES. 


FIG.9.  TRACTION- FREE  PLATE.  REPRESENTATION  OF  SINGLE 
THICKNESS  MODE,  ELECTRICAL  INPUT  CIRCUIT  OMITTED. 
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= t^> 


(3.1) 


T, 


3j  O j at  % ^ 


anu 


9’  = ±92.)  <v.t  %3  = ±h.  (3.2) 

iiecause  tne  untraiisformeu  stresses  T^.  vanisn  at  tiie  surfaces,  the 
transformeu  stresses  also  vanish; 


7^-  = o , at  %,=  ±k. 


(J) 


(3.3) 


Tnis  is  a consequence  of  (2.27)  anc  tiui  fact  that is  nonsinquiar ; it 
luis  a ueterminant  equal  to  unity. 

We  now  seek  a solution  to  (2.39)  which  satisfies  the  bounuary 
oonuitions  (i.2)  anu  (3.3)  when  inserteu  into  (2.41)  ana  (2.36).  In 
Keepinq  witn  tne  symnetry  of  tne  problem,  we  select 

H Xj  , (3.4) 

wnich  satisfies  .2.39),  ai^  put  it  into  (2.38),  using  (3.3); 

o 0 e 

77,  = /C  -t  633^  0.3 


(0  tO 


r:  /C  x'  U;  Co<  + C33L  A 3 


iienoe. 


rO  at  Xj,  = ±h, 


Vi  = 


- e 


33t  fl-3 


(3.5) 


The  quantity  a^  is  oetermined  by  substitution  of  (3.4)  and 
(3.3)  into  (2.41)  ana  using  (3.2) . Tills  also  fixes  b ^ appearing 
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in  (2.41).  These  manipulations  result  in 


ana 


a. 


+ /h 


Ml  ^ 


l <=./  h 


(3.6) 


where 


I 


( ‘He 


(3.7) 


ana  )c^‘^  is  the  piezoelectric  coiplinq  coefficient  for  mooe  (i)  in 

O 

the  TLTM  case,  because  of  the  symmetry'  of  the  C - , the  last  two 

inuioes  can  he  interchanged,  so  the  numerator  of  (3.7)  is  simply  the 
square  of  tne  appropriate  transformeu  piezoelectric  constant. 

From  the  e^qDressions  given,  one  has 


e 


ana 


■3n 


/Od  X x^3  1 , 

; > ) ( Xo-  A*»^) 

-Coo  x“'  ^ ' 


(3.8) 


e (i) 

~ 6 au  X Xi 

(C)  U),  U) 

/C  X h -Co4X  h 


bqiiation  (2.20)  is 


^3  = 


^35  0-3 


) 


(3.9) 


(2.20) 


therefore,  we  get 


D- 


~33 


r 


/h 


(3.10) 


consider  a portion  of  the  plate  having  lateral  area  A. 

Tliis  is  tne  same  area  introduoea  in  (2.52).  Ihe  current,  , inter- 
cep  tea  this  area,  is  equal  to 


= - A D3 


(3.11) 


Tc  - j<i)AD3  . (3^3^2) 

The  minus  sign  is  a oonsequenoe  of  the  fact  that,  at  the  positive 
(upper)  electrode,  the  surface  normal  points  in  the  directicn  of 
minus  X ^ within  tlie  crystal . 

looking  into  the  electrical  port,  one  secs  an  admittance 

fTETM)  = T,  ! (Z(fo)  j (3.13) 

witn  given  ijy  (3.12). 

Lefining  the  capacitance  Co  by 

Co  = A e*3  /(2I1)  y (3.14) 

ana  using  (3.10),  (3.12)  and  (3.13),  we  arrive  at  the  input 


acknittance  (bS)  : 


ctetm) 


-ico  Co 


(3.15) 


b.  Network  Synthesis  of  (TblM)  . 

Expression  (3.15) , for  the  ir^ut  admittanoe  seen  at  the 

electrical  port  of  the  traction-free  crystal  plate,  is  a function 

of  three  tangents  having,  generally,  different  periocis,  since  all  the 
(f> 

wavenumbers  X will  usually  be  distinct.  Ranembering  what  was 
said  earlier  concerning  tlie  tliiee  acoustic  eigen-modes  satisfyirxj 
transmission- line  equations,  anu  also  the  discussions  in  the 
Introduction  about  piezoelectric  ooupling  of  the  modes  at  boundaries, 
and  viewing  (3.15)  in  this  light,  we  might  expect  that  (3.15)  could 
be  realized  by  a genereilization  of  Fig.  7,  involving  three  trans- 
mission lines.  Such  is  indeed  the  case,  anu  this  simple  problem 
has  been  selected  iiere  with  just  tliis  end  in  mine.  It  will  introduce 
a three-transmissicxi-line  network  witli  tlie  least  amount  of  additional 
detail,  so  that  the  iiicreased  ocitiplexity  will  not  obscure  the  ties 
our  circuits  have  with  those  previously  given  in  the  literature. 

’It)  begin  the  synthesis,  recall  tiiat  Fig.  7 represents  a mode 
driven  by  an  applied  field  parallel  to  the  wave  propagation 
direction,  which  is  also  true  in  our  case.  Circuits  for  the  field 
nonaol  to  the  wave  propagation,  on  tlie  other  luind,  are  distinguisiieu 
in  tiie  literature  (131)  by  the  absence  of  tlie  negative  Cj,.  Witii 
tills  hint,  we  extract  from  (lElM)  in  (3.15)  a siiunt  capacitor 

of  value  C(,,  and  then  a series  capacitor  of  value  minus  C^,.  Ihis 
fragment  of  the  IKIM  network  has  been  called  the  "electrical  input 


59 


circuit"  by  Schtlssler  (143)  ; wg  will  retain  the  nane. 

When  the  electrical  input  circuit,  oescribed  above,  h£is  been 
extracted  from  (TL'IM)  , the  remainuer,  Y.j,j^  , say,  is 


Yr,  = t ^ I- 

‘ ^ ' ,3.16) 

Tlus  means  that  we  have  the  sun  of  three  admittances  in  parallel,  ana 
eada  admittance  contains  one  tangent  function. 

We  next  notice  that,  because  of  the  mechanical  bouncary 

O 

oonuitiuns,  the  surface  stresses,  both  T5J  anu  T.^  , vanish, 

while  t]ie  corresponding  displacements  are  allowed  to  oevelon  freely. 

liquations  (2.52)  ana  (2.53)  tnen  suggest  as  a oonsequence  that  the 

inechaiucal  ports  are  siiort  circuited. 

let  us  first  oonsiaer  one  of  tlie  three  aamittanoes  comprising 

Y j , for  if  we  can  formulate  an  £ippropriate  network  for  one  of  the 

tlunee  terns,  we  iiave  only  to  aad,  in  peirallel,  two  others  vhich  are 

(0 


alike  it  save  for  tlie  mode  inoex  number.  Call  this  admittance  Y-,, 


T L 


with  Fig.  7 in  mind,  we  are  tlius  led  to  Fig.  9,  wherein,  to  be 
consistent  witii  Uiapter  II,  we  have  used 


(u 


= Af 


(o 


(2.54) 


OD/i/'  ; 


X.  - OJ/d  ; (2.45) 

wiiich  tiien  retjuires  that  the  piezoelectric  transfonner  turns  ratios, 


n . , become 


= -f-  A e',3(  / (z^)j 


(3.17) 


*v  f 


ana  the  transformer  dots  to  be  locatea  as  given,  'ihe  fact  that  the 
uots  are  adjacent  at  one  end,  and  opposite  at  the  other  enu  is  a 
manifestation  of  the  polar  nature  of  the  piezoelectric  effect;  the 
circuit  is  mechanically  symnetric. 

In  urawing  Fig.  9 with  the  transformers  as  shown,  we  emphasize  the 
concept  of  bounaary  excitation.  We  have  given  in  the  figure  a repre- 
sentation with  the  transformer  primaries  in  parallel;  one  can  as  well 
redraw  it  with  a single  prhnary  winding,  ana  two  secondary  windings 
with  a common  flux,  so  that  the  secondaries  are  in  parallel. 

Figure  9 may  be  verified  by  reverting  back  to  the  equivalent  tee 
circuit  for  a transmission  line,  as  given,  for  exanple,  in  Fig.  4. 

We  shall  omit  uoing  it  here,  and  go  on  instead  to  the  ccmplete  network, 
since  we  have  accumulated  all  of  the  pieces.  We  require  three  networks 
as  in  Fig.  9,  in  parallel,  plus  the  electrical  input  circuit,  attachea 

to  the  electrical  port.  Figure  10  shows  the  assembled  network. 

o 

liquation  (2.47)  tells  us  that,  because  the  T^.  vanish  at  the 

t\/  O M 0 

plate  surfaces , the  partial  stresses  T - ■ and  T . • add  to  zero  there . 

^ 0 

According  to  our  discussions  in  Chapter  II , A T ^ ^ cire  the  voltage 
variables  associated  with  the  waves  on  the  transmission  lines,  while 
the  A are  piezoelectric  in  nature,  since 


ATji  - A <^33^;  as  ^ (3.18) 

which  follows  frem  (2.48).  We  see  that  Fig.  10  provides  just  these 

— • 

interpretations  v*ien  the  A T^.  are  identified  with  the  seoonaary 
voltages  producea  by  the  piezo-transfoimers  located  at  the  ends  of  the 


transmission  lines. 


TRACTION  - FREE 
SURFACE 


bl 


The  structure  of  Fig.  10  also  furnishes  a sinple,  visual,  inter- 
pretation to  Tiersten's  finding  (64)  that,  even  in  the  tracticn-free 
case,  all  three  inodes  are  ooupled,  piezoelectrically , at  the 
boundcury.  It  is  clear  that,  if  the  electrical  port  is  left  open,  the 
positive  and  negative  capacitors  oembine  to  short-circuit  the  piezo- 
transformers,  and  the  three  eigen-nodes  are  then  decoupled.  In  any 
other  case,  where  the  electrical  port  is  attached  to  a finite 
iimvittanoe , the  three  nodes  are  bounoary-ooupleo. 

Other  insights  may  be  obtained  through  a stuuy  of  the  schematic, 
but  it  is  not  our  intent  to  be  exhaustive  about  this  aspect  of  the 
problan;  we  uesire  to  derive  networks  which  are  rigorously  analogous 
to  tile  problems  stated,  ana  make  a few  observations  about  than.  Once 
they  are  understooa,  and  sane  facility  is  obtained  in  manipulating 
than,  they  speak  for  thanselves. 

I'fe  will  confine  ourselves,  now,  to  the  following  ranarks  in  regard 
to  Fig.  10  ana  the  physiccil  problem  it  represents. 

bquaticn  (3.15)  is  an  exact  result,  and  Fig.  10  realizes  it 
exactly.  The  figure,  therefore,  can  be  used  for  tirae-demain  analyses, 
even  though  it  was  ueveloped  from  a frequency-demain  synthesis.  Consider 
this  aspect  oriefly.  One  can  see  that  a transient  excitation  applied 
to  the  electriccil  port  produces  two  waves  in  eacli  transmission  line, 
each  wave  starting  at  the  surface  and  propagating  inwardly.  Each  pair 
of  waves  is  of  equal  strength  and  the  stresses  have  the  same  polarity, 
so,  oonsoquently , no  net  meclianiccil  current  will  flew  across  the 
center  line  of  the  resonator  plate. 

When  two  of  the  three  piezoelectric  turns  ratios  n.  are  zero. 


cffily  a single  transmission  line  remains  ooupleo  to  the  electrical 
input  circuit,  and,  in  this  siiipler  case,  the  time-domain  response 
reauoes  to  that  given  in  the  literature  (88,  99-101) . If  two  n-  are 
zero,  and  only  one  mode  is  driven  piezoelectrically,  (3.15)  shows  that 
the  critical  frequencies,  corresponding  to  poles  and  zeros  of  (IKIM)  , 
are  obtained  from  the  roots  of 

tay^H.h  = a>  ) (3.19) 

which  gives  the  harmonically-relatea  antiresonant  frequencies,  and 
from  the  roots  of 

j (3.20) 

which  gives  the  non-harmonicaily-reiatea  resonant  frequencies.  Since 
only  one  mooe  is  now  considered,  the  mode  superscript  is  droppeu. 

Tiers ten  (64)  has  given  a discussion  of  the  meaning  of  (3.20) ; it  was 
first  oerived  by  Bechmann  (134) , in  1940,  for  a single  mode. 

Hevertinq  back  to  the  case  of  three  mooes,  the  exact  result  (3.15) 
may  be  used  ocwn  to  DC  in  wliich  limit  the  effective  capacitance 
oecomes 


'DC 


[i-  i u")'] 

f=i 


(3.21) 


whereas,  in  the  absence  of  piezoelectricity,  the  limit  would  be 
siiiply  C^.  The  piezo-ooupling  factors  k have  the  effect,  therefore, 
of  increasing  the  effective  pemittivity . This  has  been  shown,  also 
by  Bechmann  (200) . because  the  crystal  plate  is  passive,  moreover, 
it  is  necessary  that  the  limiting  capacitance  at  DC  be  positive. 
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which  inpiies  the  cx>nstraint  on  the  oou{iling  factors 


z 1 . 

f.,  (3.22) 

Additional  relations  of  this  sort  may  be  cerivea  frctn  tlie 
necessity  that  tlie  stored  energy  density  be  positive.  This,  in  turn, 
requires  tJiat  the  overall  material  constant  matrix  formed  fran  (2.5) 
ana  (2.6)  de  positive  definite  (164) , and  leads  to  a variety'  of  results. 
Seme  general  oonsicierations  relating  to  ooupling  factors  are  given  in 
the  pc^r  by  Baerwala  (201)  . 


'fhe  network  of  Fig.  10  degenerates,  at  UC  into  a simple  capacitor 
circuit  tiiat  consists  of  the  ItTM  electrical  input  circuit  (C^in  shunt, 
follcwed  by  in  series)  and  three  capacitors  in  parallel,  one  for 

each  transmission  line,  each  of  value  )^  In  the  high  frequency 

limit  the  input  capacitance  approaches  C^,,  tlie  piezoelectrically 
induced  motion  becoming  "frozen." 

We  new  use  the  syranetry  of  Fig.  10  to  simplify  it.  Oecause  of  the 
tTcinsformer  dot  array,  the  mechanical  voltages  produced  at  the  ends 
of  each  transnission  line  nave  the  same  polarity,  as  noted  earlier, 
and  the  mid-point  of  tlie  lines , oorresponoing  to  the  plane  x ^ = 0 , of 
the  crystal  plate,  is  a node  of  mechanical  current.  We  may  therefore 
bisect  the  network  of  three  transmission  lines  at  tlieir  centers  (19) . 
liie  bisection  produces  six  lines,  each  of  length  h,  open  circuitc'd  at 
the  ends  at  which  the  bisections  were  made.  The  six  lines  consist  of 
tnree  sets  of  identical  twins,  vhich  are  all  connected  in  parallel 
through  their  piezo- transformers . Each  set  of  twin  lines  can  be  further 
reduoea  to  a single  line,  having  twice  the  characteristic  actnittanoe 
of  the  individual  lines . Our  manipulations  lead  us  thus  to  Fig . 11 . 


iiere,  the  three  modal  transndssicai  lines  have  been  connected  via  a ccnmon 
core  transformer,  so  that  the  secondaries  are  in  parallel. 

Although  we  have  not  shown  it  yet.  Fig.  10  is  a true  analog 
representation  where  the  vibrating  plate  parameters,  such  as  the  dis- 
placements, u-  , nay  be  uetermineu  exactly  as  a function  of  coordinate 
Xj  , from  a consideration  of  the  network.  Figure  11,  on  the  other  hand, 
nas  lost  tnis  intimate  physical  meaning,  because  of  the  circuit  manipu- 
lations that  have  been  carried  out.  The  important  thing  to  be  enphasized 
will  vary  with  the  situation,  usually;  at  first,  the  analogous  aspects 
of  the  representations  provide  insight  into  the  physics,  while  at  a 
later  stage,  after  insight  has  been  attained,  circuit  simplifications 
can  be  sought  to  reduce  the  network  configuration  to  more  tractable 
forms  for  application. 

We  leave  tne  one-port,  traction-free  plate  now,  and  pass  on  to  a 
more  general  treatment  of  the  TLTM-uriven  plate  wliidi  will  lead,  in 
Chapter  V,  to  a coiplete  seven-port  network  for  handling  arbitrary 
boundary  conditions. 

C.  The  ijLectranechanical  Network  Inpedanoe  Matrix. 

Our  network  of  Fig.  10  realizes  irput  admittance  (3.15)  exactly. 

It  was  obtained  by  a cxie-port  synthesis,  and  no  otlier  constraints  were 
imposed  other  than  that  (3.15)  be  satisfied.  As  we  indicated  toward 
the  close  of  the  last  section,  and  this  is  significant,  the  network  of 
Fig.  10  actually  is  valid  on  a point-to-point  basis,  anu  ix3t  simply 
valid  only  at  tiie  electrical  port,  because  this  is  sc,  it  can  be 
ge^neralizcd  to  arbitrary  boundary  conditions,  as  we  shall  shortly  slicw. 
The  traction-free-boundary  plate,  chosen  to  introduce  our  new  results 
because  of  its  simplicity,  led  to  the  inposition  of  short  circuits 
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at  the  mechanical  ports;  in  more  general  instances  the  shorts  will  be 
replaoea  by  mechanical  bounoary  networks,  coupling  the  three  transmission 
lines  to  each  other,  ana  to  the  mechanical  impecianoes,  seen  at  the 
bounoary,  arising  from  adjacent  strata,  lunpeu  loads,  or  other  mechanical 
influences. 

We  tiius  anticipate  the  more  general  nefcvork  of  Fig.  12.  Ihe 
construction  of  the  mechanical  bounoary  networks  will  be  given  in 
Cutter  V.  In  the  figure  the  negative  capacitance,  associateO  with 
I'L'i'M,  has  ueen  oisposeo  symmetrically  in  the  electrical  iiput  circuit, 
ano  placed  more  explicitly  at  the  crystal  interfaces,  wiiereas  the  shunt 
capacitance  is  clearly  associateo  witli  the  crystal  in  the  bulk.  It  is 
unuerstoou  that  the  shunt  capacitor  plates  coincide  with  the  plate 
surfaces  for  a oonplete  analog;  they  are  orawn  using  the  conventional 
circuit  symbol  as  a convenience.  We  mention  in  passing  tl^t  cne  may 
look  upon  this  static  capacitance  as  a vestige  cf  the  two  electro- 
magnetic modes  in  the  quasi-static  approximation,  so  that,  additional 
to  tne  tiiree  acoustic  transmission  lines,  a fourth  line  exists,  repre- 
senting these  two  coalesced  mooes,  the  velocity  on  which  line  is  infinite. 

Our  object  iiere  is  ti>rofoid.  We  must  provide  a link  between  the 
traction-free  case  of  Fig.  10  and  the  anticipated  picture  of  Fig.  12 
for  general  mechanical  bounoary  conditions.  At  tJie  same  time,  we  must 
shew  tiiese  general  circuit  forms  to  oe  true  analogs,  i.e.,  we  must 
investigate  ttie  corresponoenoe  of  the  picture  with  the  spatial  coordi- 
nate, ano  treat  the  network  as  a seven-port,  rather  than  as  a one-port, 
because  the  three  stress  and  three  displacement  (or  velocity)  cxxjponents 
at  each  of  Uie  two  surfaces  are  generally  interrelated. 


MECHANICAL  BOUNDARY  NETWORK 
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'Ito  acocnpiish  tliese  enas  mnst  easily,  we  take  the  following  course, 
we  will  reverse  our  prooeaure  of  solving  the  physical  prdilan  first  ana 
then  realizing  its  network,  as  we  did  in  Sections  III  A ana  h above; 
insteaa  we  provisionally  aaopt  the  circuit  of  Fig.  13,  examine  it  frcn 
a network  stanapoint,  ana  tiien  carry  out  tiae  oorrespondii^  Gyrations 
on  tne  equations  aescribing  the  physics. 

In  Fig.  13,  the  slrart  circuits  of  Fig.  10  have  been  removed,  anu 
the  mechanical  bounaary  networks  are  also  absent.  We  shall  obtain  the 
iiUjeaanoe  jnatrix  for  this  seven-port,  and,  after  its  validity  has  been 
establishea  by  recourse  to  the  equations  of  the  physical  problem,  use 
tixi  matrix  in  conjunction  with  the  mechanical  networks,  established  in 
like  manner,  to  arrive  at  an  overall  realization.  This  approach  leads 
to  a relatively  sinple  analytical  form  for  the  impeoanoe  matrix  of  tlx2 
oonplete  network,  ana  one  which  is  eas>’  to  obtain,  whereas  inclusion 
of  the  mechanical  networks  anu  arbitrary  meciianical  loads  at  the  outset 
greatly  oonplicates  the  analysis. 

Consider  the  positeu  Fig.  13.  because  it  pertains  to  normal 
ooorainates,  the  port-variables  are  superscripted  with  the  degree 
sign,  as  sncwn.  The  ports  are  numbered  so  that  the  left  side  (bottccn 
of  tne  crystal)  of  the  transmission  line  supporting  mode  (i)  leads  to 
port  (i"  ) , while  tne  rignt  side  (bcp  of  the  crystal)  of  the  same 
transnission  line  ieaas  to  port  ((i  + 3)  “ ) ; ports  (1‘^)  to  (6'’)  are 
the  mechanical  ports,  while  port  (7")  is  the  electrical  port.  We  also 
define  ana  l”  (^r  = 1,2,..., 7)  as  the  voltages  and  currents 

appropriate  to  port  nunber  ( tt")  , with  conventions  as  shown  in  Fig.  13. 
At  present  we  do  not  have  to  match  tliese  variaoles  with  the  stresses 
anu  oisplacEinents . 


FIG.  13.  SEVEN-PORT,  NORMAL- MODE,  EQUIVALENT  CIRCUIT, 
WITHOUT  MECHANICAL  BOUNDARY  NETWORKS  AND 
LOADS. 
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In  order  to  carry  out  the  analysis  of  the  circuit  of  Fig.  13,  it 
is  convenient  to  replace  the  distributed  lines  by  their  eauivalent 
lunpea  tee  form.  Ihis  form  is  shown  in  Fig.  14  for  a single  line, 
ana  the  substitution  of  three  sud^  tees  for  the  lines  in  Fig.  13 
produces  the  network  of  Fig.  15. 

O 

vVe  seek  to  uetermine  the  quantities  Z in  the  relations 

< = ^^5  (3.23) 

where  the  Greek  indices  iiave  the  range  1 to  7.  Our  task  is  reduced 
in  size  by  a nurber  of  considerations.  First,  as  a consequence  of  the 
fact  that  the  network  is  ocmposea  of  linear,  passive  and  bilateral 
elfsnents,  and  oecause  we  will  dioosc  our  loop  current  aefinitions  to 
coincide  with  our  dioice  of  loops  for  application  of  Kirchhoff's 
voltage  law,  the  parameter  matrices  will  oe  syrtnetrical  (202).  Vve 
notice,  also,  that  tiie  impeoances  break  up  into  four  types,  viz., 
driving-point  impedances,  wliich  are  electrical  or  medianical,  and 
transfer  inpeuances,  wiiidi  connect  eitlier  two  mechanical  ports  or  a 
mechanical  port  to  tlie  electrical  port.  Apart  frcni  tiie  mode  inuex 
number,  all  the  uriving-point  mechanical  impedances  will  be  equal,  as 
will  the  mutual  mechanical  impeoances  between  the  two  ports  of  a single 
transrdssion  line.  Again,  rnutatis  matanais,  all  of  the  electrical- 
mechanical  transfer  impedances  will  be  equal.  Finally,  all  of  tne 
meaianical  impedances,  whether  driving  point  or  transfer  beceme  almost 
trivially  simple  to  evaluate  by  virtue  of  the  two  capacitances,  which 
together  proauce  a shorting  of  the  piezo- transformers , when  port  (7^’) 
is  open,  thereby  decoupling  tiie  traniimission  lines  frem  each  otlier. 


L 


7Z 


Z| 


Zq 

j sin  Q 


( cos  0 - I ) 


j Z^ton  ( Q/Z  ) 


; 9 = k/ 


FIG  14.  LUMPED,  TEE,  FORM  OF  A TRANSMISSION  - LINE  SECTION. 
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Ihis  last-mentioned  consideration  has  the  effect  of  making  vanish 
the  ijipedanae  matrix  elements  with  the  fol lowing  inciioes:  12,13,15,16, 
23,24,26,34,35,45,46  ana  56,  plus,  by  syimietry,  those  with  these  indices 
in  reverse  order.  Ihese  oorrespona  to  mechanical  transfer  impedances 
between  different  lines.  Ihe  mechaniccil  driving-point  impedances  are 


0) 

i,  + I, 


(i) 

j 0|  (3.24) 


o o o) 

= Zl  t ?Z 


and 


(3.25) 


d) 

Z) 


(» 

-f"  2 z 


tcuv  0 


(3.26) 


where  we  have  put 


0. 


Zh  X. 


U) 


(3.27) 


The  mutual  mechanical  impeoances  that  are  not  zero,  arc 


(') 

j &\ 


(3.28) 


Z 


o 

as 


J 


2. 


(3.29) 


with  the  mechanical  ports  (1  ) to  (6*^)  ooen-circuiteu,  the 
in^Oance  seen  looking  into  the  electrical  port  is 


± 

Co 


(3.31) 


which  is  consistent  with  the  mechanical  port  conuitions , since  we 
shall  fine  that  open  circuits  at  tlic  mechanical  ports  mean  zero 
velocities  ana  uisplacements , so  the  crystal  is  clanpeci  ana  the  piezo- 
electric effect  is  preventea  frem  contributing  to  tiie  irriDOciance  seen 
at  port  (/’) . 


It  remains  to  cjbtarn  the  electro-medianicral  transfer  impociances. 

We  pid;  z^  as  representative.  Ports  (2')  tlux)mh  (?'’)  are  open,  so 
a short  is  placea  across  all  piezo-trans formers , ueoouplii-g  the  three 
transmission  lines.  A current  l”  injected  into  port  (l")  as  sliown, 

O 

^ current  n j I j cn  the  primary  side  of  tlie  piezcjelectric 
orive  transformer,  ihis  current  flews  through  the  positive  anu  negative 
capacitors  anu  produces  a voltage  at  port  (7‘’)  of  n ^ /( jw  c„) , 

polarizea  as  shown,  hence 
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i ^ Cc 


- Z 


7i 


(3.32) 


Similarly  one  obtains 


>ta, 

Co 


( 


3.33 
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j sin03  j tan  03  jcuCo 


D.  Ihe  nJIM  Plate  Electranechanical  Inpeaance  Matrix 

Having  the  matrix  array  for  the  posited  Fig.  13,  we  now  show  that 


7K 


this  same  array  ^^ars  frcm  the  egiiations  governing  the  moticn  of  the 
crystal  plate,  obtained  in  Chapter  II,  v^en  the  properly  analogous 
quantities  are  paired.  Once  this  has  been  done,  an  appeal  to  the  fact 
that  the  acoustic  and  transmission- line  waves  obey  the  sane  equations 
of  motion  within  the  region  -h  < x < h and  have  the  sane  boundary 
values,  will  establish  the  fact  that  Fig.  13  constitutes  a trve  analog 
to  the  mechanical  boundaries.  After  the  mechanical  boundary  net- 
works have  been  added,  in  Chapter  V,  the  analogy  for  a single  plate 
will  be  oonplete  in  all  respects. 

In  keeping  with  (2.52)  and  (2.53)  we  adopt  the  choices 


= AtJk)  ^ (r=c  ^ 1,1^3)  ^ (3.35) 

'AtT  ""  A Tj.  (+1^)  ^ ('7T=t+3=  , (3.36) 


^ Vy  , , (3.37) 

0 » 0 

where  T^.  ( ‘ h)  refers  to  the  value  of  T3-  at  the  tc^,  resp. , bottom, 
of  the  plate. 

O 

Note  that  the  choioe  here  pertains  to  the  total  stress  T ^ j , 
and  not  singly  to  the  "wavy"  portion,  T^.  . 

'Ihe  currents  are  taken  as 


-U?(-h)  = (-M, 


(.  ^-L=  ^ (3.38) 


r 


7Q 

(+0  ^ (3.39) 

= ^7  ) ^’5  = 7],  (3.40) 

O ; 

where,  again,  u.  ( - h)  refers  to  the  value  of  u-  at  x = -h. 

Ihe  reason  for  the  sign  difference  between  (3.38)  and  (3.39)  is 

this:  the  transmission- line  equations  (2.42),  (2.43)  have  a ocaivention 

regarding  the  variables;  the  voltage  and  current  are  always  measured 

in  the  same  sense,  and,  as  a wave  progresses  down  the  line,  this  sense 

does  not  change.  On  the  other  hand,  we  have  chosen  our  port  currents 
0 

I ^ , in  Fig . 13 , to  be  eilways  directed  into  the  port  at  the  terminal 

which  is  considered  positive.  The  mechanical  \oltages  have  an  unchanged 
sense  along  the  transmission  lines.  Labeling  in  this  manner  is  oon- 
^ ventional  for  lulled  networks,  and  preserves  a nice  syitmetry  between 

I "iiput"  and  "output,"  but  makes  inevitable  the  reversal  of  signs 

I elsewhere.  It  seans  to  us  least  undesirable  to  incorporate  them,  as 

1 we  have  oone,  in  the  distinction  between  (3.38)  and  (3.39) . 

based  upon  these  choices  relating  circuit  variables  and  physical 
quantities,  the  impedance  matrix  elements  will  d^aend  upon  q\»tients 
of  stress  conponents  ana  ccnponents  of  displacement,  both  in  the 
normal-coordinate  system. 


By  definition,  the  inpedanoe  elanent  2 


is  obtained  from 


~ ) (3.41) 

with  ail  currents  equal  to  zero  excsept  for  I ^ . Ihe  physical 
significance  of  having  six  of  the  seven  currents  equal  to  zero  is 
this:  since  the  first  six  currents  have  been  taken  to  be  prtportional 


L 
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to  the  oisplacement  ccnponents  at  the  bottcm  ana  top  faces  of  the 
plate,  in  the  normal  coordinates,  we  see  that  if  is  equal  to 
seven,  referring  to  the  electrical  port  current,  the  fact  that  all 
mechanical  currents  are  zero  means  the  plate  is  conpletely  (-lanpiPvi 
at  the  top  ana  hot  ton  surfaces,  and,  since  the  piezoelectric  drive 
is  located  only  there,  the  crystal  plate  cannot  move.  This  statement 
parallels  our  rorarks  about  the  traction-free  case  where  the  stresses 
vanished  in  the  normal  coordinate  system,  because  they  vanished  in 
the  untransformed  system,  and  A.  is  nonsinguiar.  When  'j,  is  not 
equal  to  seven,  then  only  five  of  the  six  mechanical  currents  are  zero, 
and  only  one  plate  surface  is  clanped  and  cannot  move.  The  other 
surface  has,  in  general,  all  oonponents  of  motion  in  the  untransformea 
system;  hcwever,  these  are  not  independent,  but  bear  constant  ratios 
to  one  another  as  dictatea  by  the  direction  cosines  of  the  transforma- 
tion, since  is  ootipounded  of  untransformea  components  of  motion 

in  the  ratio,  of  the  ' . 'This  becomes  more  readily  apparent  vhen  the 
irpeuance  components  are  evaluatea,  as  we  now  do. 

As  one  would  expect,  the  same  conclusions  we  cane  to  in  the 
network  case,  regarding  certain  impeaance  components  being  identical 
save  for  change  of  mode  index  nunter,  are  valid  here.  This  allows  us 
to  cut  acwn  on  the  number  of  elements  to  be  evaluated. 

Again,  four  categories  of  impedances  are  recogiuzed.  The  first 
is  the  electrical  input  impedance  z°.^  ; this  differs  from  the 
reciprocal  of  (3.15)  because,  in  that  case,  the  tractions,  but  not 
the  aisplaoerents , were  forced  to  be  zero.  We  take  u^^  (i  = 1,2,3) 
to  be  identically  zero  everywhere.  This  satisfies  (2.39) . 


«1 


iiquation  (2.41)  becxxnes 


a3  >3  . 

Application  of  the  boundary  conditions  (3.2)  then  gives 

b . = 0, 


(3.42) 


as  = t^/h  . 

Fran  (2.20) , (3.12) , (3.43)  and  (3.14)  we  arrive  at 


(3.43) 


(3.44) 


The  remaining  in^dances  may  be  obtaineu  by  assuming  one  of 
the  ii?  to  be  finite  and  the  other  two  to  be  identically  zero, 
because  tlie  are  uncoupled  in  the  bulk,  they  satisfy  (2.39) 
separately.  A value  of  zero  satisfies  (2.39) , and  makes  four  of 

the  six  mechanical  currents  vanish.  The  fifth  is  made  to  vanish  by 

o 

cfiosinq  the  finite  uj  to  be  a solution  of  (2.39)  in  such  a manner 
that  it  is  zero  at  the  appropriate  surface,  and  non- zero  at  the 
other.  Choosing 


Cl  I = C xkir,  M.  ( b ± y,  ^ ) 


(3.45) 


acoonplishes  tnis;  the  sign  being  chosen  to  make  u-  vanish  at 
X ^ = -.  h , respectively. 


For  definiteness,  we  take 


everywtiere,  aiu,  as  a solution  to  (2.39), 


® ‘'V. 

U,  = G C 


(3.46) 


(3.47) 


t 


82 


As  a consequence  of  the  requiranent  that,  new, 

o 

17=  0, 

plus  (3.12),  we  have 

D , = 0; 

•) 

ana,  by  (2.20) 

a = 0, 

so  that,  frein  (2.38),  we  get 


O 


With  (3.46)  we  obtain 


T, 


which  leads  to 


(^ ) o 
^ a;  3 


T 


33 


= o, 


(3.48) 


(3.49) 


V, 


Vr  = V,  = O. 


(3.50) 

O 

ana,  henoe,  the  having  the  subscripts  21,31,51  and  61,  are 

zero.  We  shall  onit  doing  it,  but  it  is  very  easily  shewn  by  changing 
the  mode  index  nuitx^r  (i)  of  the  u^’  tiiat  is  chosen  to  remain 
finite,  that  the  ^ are  symmetric,  so  that  inpedance  elements  with 
si±>scripts  12,13,15  and  16  are  also  zero.  It  also  then  appears  that, 
adaitionally,  the  following-subscripted  eienents  vanish,  along  with  U>cir 
syimietrically-relatea  partners : 23,24,26,34,35,45,46  and  56. 

We  now  continue  to  detemine  the  finite  impedance  ocxiponents 
stenining  tran  our  aioioe  (3.46),  (3.47).  Using  (3.48)  ana  (3.47) 
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gives 


-T-  ® to  w ('), 

'll  = - ^ G,  Ch-TC-3)^ 


so  that,  fay  (3.35),  (3.36),  and  (3.27), 


, . » 0)  ^ . - 
V,  = -X  < C,A/C^0,  , 


(3.51) 


(3.52) 


v;  A. 

1°  is  obtained  from  (3.38)  and  (3.47); 


(3.53) 


x^  - c,  -0^0,  , 


so  we  have  detezmined 


(3.54) 


(3.55) 


£<(,  = / C j -4^  5/)  j 

and  use  has  been  made  of  (2.45),  (2.54)  and  (2.56). 


(3.56) 


Making  other  choioes  for  (i)  in  (3.45) , and  usii^  both  the  plus 
ana  minus  signs  therein,  for  each  such  choioe,  a repetition  of  the 
steps  directly  above  leads  to 


?,i  = z. 


i 01 


(3.57) 


e • 

?2i  = = 


(3.58) 
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•33 


•u  - 


^ '6stvt,  S3 

which  are  the  sene  as  (3.24) , (3.25)  and  (3.26) ; also 


(3.59) 


0) 


■'4 


^ -•d.tvv,  &i 


(3.60) 


6 

?5i 


and 


(3.61) 


•3C 


2w3  - 


^ 03  (3.62) 

Ihese  are  the  sane  as  (3.28),  (3.29)  and  (3.30),  while  (3.44)  is 
the  sane  as  (3.31) . 

All  but  the  electro-meciianiced.  transfer  iirpedances  have  been 
obtained;  this  calculation  follows  next. 

Once  cigeiin  we  use  (3.46) , (3.47) , and  ocnpute  the  voltage 
ueveloped  across  the  open  electrical  port.  For  the  sente  reasons 

given  following  (3.47) , a^  is  again  zero,  while  the  quantity  b 3 

o 

IS  of  no  oonoem  because  it  does  not  enter  the  expression  for  , 
which  is 


Vy  = 


(3.63) 


- U(  (-Ji)l  ^3ii  / ^13  3 (3.64) 


85 


this  last  eaqjxessicn  follcMing  frcm  (2.41)  with  =0  and  the 

o 

choices  (3.46) , (3.47)  for  the  u.  . Substituting  the  particular 

o o 

form  for  u,  given  by  (3.47)  maJces  V7  beoone 


O O ^ 

V'?  — “ C|  ^313  ©,  / 633  . 


(3.65) 


The  current  1?  is  obtained  from  (3.54),  so  the  impedance  z2.  is 


”^7/  - ^313 


13  / ( • 


(3.66) 


Recalling  the  definitions  (3.14)  and  (3.17)  allows  us  to  put  this  in 
the  form 


■7i  = 


ICC  C 


(3.67) 


which  is  seen  to  agree  with  (3.32) . 


Continuing  exactly  as  we  have  proceeded  above  to  determine 
ZjY  f with  interchanges  of  index  nunbers,  one  may  similarly 
show  that 


■It  - 


A Ct3  Cc 


(3.68) 


= 


(3.69) 


(3.70) 


^7.  - ^7.  - 13.™) 

These  relaticns  are  identical  with  (3.32),  (3.33)  and  (3.34).  The 


symnetry  of  the  about  the  main  diagonal  makes  the  detexmination 
oonplete,  and,  it  is  seen  that  our  assignments  (3.35)  to  (3.40)  are, 
in  every  respect,  consistent  with  the  posited  Fig.  13  and  with  the 
equations  governing  the  physics  of  the  system,  so  that  the  jmppdanfvi. 
matrices  obtained  frcm  the  physics  and  the  figure  are  identical. 

Ihe  inpedanoe  matrix  is  further  seen  to  have  the  property  that  cill 
mechanical  ports  are  on  an  equal  footing,  the  only  difference  being 
the  arbitrarily  assigned  pxjrt  niwbers;  this  property  also  follows  at 
once  fron  Fig.  13. 

This  section  has  developed  the  seven-port  inpedanoe  matrix 
frcm  the  physiccLL  equations  governing  the  problem,  ocnparison 

with  the  matrix  of  Section  C,  one  sees  they  are  identical.  This 
justifies  not  only  our  choice  of  pairings  of  variables  between  the 
circuit  and  the  problem,  but  proves  that  Figure  13  is  an  exact 
representation  of  the  physical  problem  as  seen  at  the  ports  ( ^* ) . 

We  remark  agadn  that  the  complete  problem  involves  additicncil 
circuitry,  so  that  the  mechanical  conditions  at  the  layer  surfaces 
can  be  expressed  in  untransfonned  variables,  instead  of  those  super- 
scripted with  the  degree  sign.  Within  the  normal-ooordinate  frame- 
work, hcMever,  the  representation  of  Figure  13  is  exact.  One 
additional  topic  remains  to  be  considered  yet,  and  this  oonoems  the 
piezoelectric  drive,  to  whidi  we  devote  the  next  section.  We  mention 
in  passing  that  we  have  marked  out  vpon  our  unbounded  plate  a portion 
of  area  A and  have  characterized  this;  the  entire  plate  is  sinply 
more  such  areas,  with  all  of  them  in  peurallel.  It  will  be  noticed 
that  the  I£1M  case  treated  in  Chapter  IV  presents  the  ducil  situation 


j 

of  portions  of  a single  plate  chcuracterized  as  being  in  series 
electriccdly. 

E.  Piezoelectric  Tractions. 

We  noted  in  Section  IB  5.  the  historical  development  of  the 
concept  of  piezoelectric  tractions  taking  place  at  discontinuities. 

In  this  regard,  Holland's  work  (102)  deserves  special  mention  as  it 
pertains  to  piezo-vibrators  and  stacks  of  plates,  and  he  en^asized 
the  surfaoe-tracticn  aspect  in  these  situations. 

we  have  arrived,  in  our  work,  at  circuit  representations  which 
place  just  svtch  an  interpretation  in  evidence.  Ihat  is,  our  circuits 
portray  the  piezo-drive  effect  as  a phenanenon  that  takes  place  at 
the  surfaces  of  the  plate,  and  therefore  the  schanatic  shares  this 
accordance  with  the  nature  of  the  physical  problem. 

This  section  discusses  the  drive  mechanism  further  and  leads  ip 
to  a oemonstration  that  the  circuits,  such  as  those  of  Fig.  10  and 
13,  aure  true  analogs;  they  provide  realizations  not  only  at  the 
seven  ports,  but  are  vailid  within  the  bulk  of  the  layer,  eis  well. 

The  physical  reason  for  the  location  of  the  piezo-drive  transformers 
at  the  layer  boundaries  can  be  seen  as  follows.  Newton's  equations 
(2.1) , transformed  to  nomal  coordinates,  euc 

o o *•  o 

= ■'"3^,3  = ; (3.71) 

where  the  are  cooponents  of  mechanical  force  density.  The  F° 
arise  fran  the  differentiation  of  the  stresses,  which  from  (2.38) , are 

t"  - ® 

'si  - ^ 0.3  . (2.38) 


88 


Bie  quantity  > in  turn,  is  a unifoon  electric  field,  frcm 
(2.41) , which  depends  for  its  value  i|3Qn  the  boundary  oonditicns 
inposed  (see,  e.g.,  (3.6),  (3.43)  and  above  (3.48)).  Differentiation 
of  (2.38)  yields  no  contribution  fron  the  second  term  on  the  right 
within  the  bulk  of  the  crystal,  viiere  €33^  a.^  is  constant.  However, 
each  surface  produces  a discontinuity,  so  the  differentiation  yields 
a delta-function  of  force  density,  located  at  the  surface.  This  will, 
in  general,  result  in  all  three  oonponents  of  being  produced 
there.  In  the  event  that  the  inaterial  ocn^rising  the  plate  is  not 
piezoelectrically  hcniogeneous , additional  contributions  to  F*  will 
be  produced  because  the  term  is  then  not  always  zero.  We  do 

not  consider  this  further,  but  it  may  be  treated  by  the  method  set 
forth  in  Chapter  VI. 

Ihe  delta-functions  of  piezoelectric  force  density  are  r^resented 
by  our  trcUisformers , which  eire  located  at  the  surface  and  exert  finite 
forces,  but  have  no  spatial  extensions. 

The  mechanical  variables,  represented  by  (3.35),  (3.36),  (3.38) 
and  (3.39)  as  port  voltages  and  port  currents  I^  occur  at  the 
surfaces  x 3 = Ih,  as  do  the  piezoelectric  drive  terms  discussed  above. 
Therefore,  making  use  of  (2.47)  aixl  (2.52), 


= (V;  - AVJ  = A%i  . 


(3.72) 


Also,  from  (2.53)  and  (^.38),  (^.39), 


W , a 


) 


(3.73) 
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X (tUTf^Cw'))  = = -^cDlX-  CTT^<i  Ci),  I 

(3.74)  I 

Since  and  i axe  the  transmission-line  variables,  these  are  then 
ea^essed  directly  in  terms  of  known  vadues  at  the  svirfaoe.  The 
boundary  values  at  the  transroission-line  ends,  expressed  by  (3.72)  , 

(3.73)  and  (3.74) , are  the  same  as  those  cqppearing  at  the  plate  surface 

in  the  physical  probiem.  This,  plus  the  fact  that  the  network  and 

the  acoustic  problan  obey  the  same  transmissicn-line  equations  within 

the  bulk,  as  shewn  in  Chapter  II,  guarantees  that  the  network  is  a 1 

true  analog,  and  that  cxjrre^»nding  quantities  are  matched  on  a 

point-for-point  basis  along  the  spatial  coordinate  frtxn  -h  to  +h. 

In  the  results  of  Ch^ter  V we  shall  obtain  suitable  mechanical 
boundary  networks  to  be  attached  to  Fig.  13,  which  will  then  become 

oonplete.  1 
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IV.  Lateral  Excitation  of  Thickness  Modes 

Lateral  excitation  is  the  second  canonical  form  of  excitation 
of  thickness  inodes.  It  has  been  the  subject  of  recent  interest 
(207-215) , although  use  was  made  of  it  by  Atanasoff  & Hart  (44) , 
referenced  in  Caoy's  book  (160) . Also,  excitation  by  an  electric  field 
latercil  to  the  wave  propagation  oirection  is  often  used  with  vibrators 
in  the  form  of  bars.  We  have  chosen  the  name  given  in  the  chapter 
title,  (abbreviateu  as  ii:-*IM)  to  characterize  this  type  of 
excitation.  As  much  confusion  arises  from  otner  names  that  abound 
in  the  literature,  it  seans  to  us  least  ambiguous  in  this  form. 

In  this  chc^jber  we  will  parallel  the  treatment  given  the  TLTM 
case  in  the  last  chapter,  oonsiderinq  first  a traction-free  plate 
analytically,  then  obtaining  a networ);  that  realizes  the  electrical 
port  inmittance . After  this,  the  seven-port  adnittance  matrix  for  the 
normal  coordinate  system  is  oerivea,  analy ticeilly , and  realizea  as  a 
network,  which  is  shown  to  be  a true  analog  of  the  acoustic  problem. 

Our  efforts  are  aided  by  similarities  that  this  pn±>lem  shares 
with  the  first  (TETIM)  canonicctL  form,  so  that  certain  of  the  properties 
will  be  reoognizea  by  inspection,  such  as  the  symnetry  of  the  acinittance 
matrix,  and  the  possibility  of  obtaining  additional  matrix  coefficients 
by  permuting  the  mode  index  nurber.  Ihese  features  will  therefore  be 
discussed  briefly  only. 

Concerning  the  analyticeil  portion,  there  seems  not  to  be  any 
published  material  relatix^  directly  to  the  derivation  as  we  shall  give 
it.  Schweppe  (215)  oonsideres  two  modes  driven  by  I£1M,  but  limits  the 
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aiscussion  to  oerandcs , (class  torn) , while  the  other  publications 
treat  of  only  one  mode,  or  of  a nunber  of  moc^s  each  of  vhich  is 
uncovpled  to  the  others  at  the  boundaries,  in  the  manner  of  Lawson's 
TL1M  paper  (61) . What  we  shall  give  for  the  traction- free  plate  is 
pattemea  cifter  Tiersten ' s treatipent  (216a,b) . 

A.  Single-Plate  Crystal  Rsscriator,  Traction-Free. 

1.  The  plate  under  oonsideration  is  presunea  to  be  laterally 
unboundea  ana  of  thickness  2h;  tne  upper  and  lower  surfaces  at  = +h 
and  -h,  respectively,  are  further  presumed  to  have  no  mechanical  surface- 
tractions  c^lied.  A uniform  electric  field  is  c^lied  in  a direction 
perpendicular  to  the  thickness  coordinate.  Without  loss  in  generality, 
we  take  the  field  direction  as  the  negative  axis.  Tnis  specification 
of  a lateral  field  new  requires  the  lateral  coordinates  to  be  distin- 
guished, and  the  matter  tensors  specifying  the  phenanenological  elastic, 
piezoelectric  and  dielectric  pre^rties  have  to  be  referred  fron  the 
X,Y,Z  system  to  the  new  x.  system,  now  established.  In  the  TEIN  case, 
only  such  oenponents  as  were  referred  to  x^  were  required. 

The  mechanism  for  establishing  the  impressed  electric  field  is  not 
of  interest  to  us;  we  suppose  it  to  be  set  up  by  an  electrode  arrange- 
ment sufficiently  far  removed  frem  the  section  of  plate  we  focus  our 
attention  vpon  that  any  effects  other  than  those  arising  frem  an 
assuted  uniform  lateral  field,  are  negligible.  The  time  factor, 
exp  (jot),  is  si^ressed.  Figure  16  shows  a section  of  the  plate. 

At  the  plate  boundcuries,  the  conditions  to  be  satisfied  are 


The  mechanical  conoition  (3.1)  is  the  same  as  in  tne  TLTM  Ccise,  and 
we  also  have,  as  a consequence. 
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at  X-j  = ± h . 


(3.3) 


The  condition  (4.1)  replaces  (3.2).  D 3 must  still  be  a constant 
throughout  the  plate,  and,  because  of  (4.1) , that  constant  must  be 
zero,  however,  it  cannot  be  shown  from  (2.20)  because  we  shall  find  that 
the  ^plied  electric  field  modifies  this  expression.  The  assunption,  in 
Chapter  II,  of  no  lateral  field  variations  was  valid  both  in  Chapter  III 
and  here  because  E(appliea)is  uniform.  This  iitplies  a latercilly  varying 
potential,  however,  which  we  take  as 


? = ( ^3ki  / ^33)  Wn  + >3  a,  TC,  + b3  , (4.2) 

using  (2.17)  as  a guide;  (4.2)  satisfies  the  ccmpletely  general  (2.16). 

If  we  take  the  applied  field  to  point  in  the  negative  x^  direction, 
as  the  applied  ItTM  fielo  pointed  in  the  negative  Xj  direction,  it 
follows  that  a j is  positive  in  value.  From  (2.4)  , the  positive-directed 
electric  field  in  the  x^  direction  is  called  E ^ , and  (4.2)  gives  its 
value  as 


E|  “ “ ^1  “ - E • (4.3) 

'This  added  term  must  be  included  vhen  (2.5)  is  written  out.  We  will 
take  E j as  a gi\«n  value  which  is  fixed  for  the  problem.  It  is  seen 
that  Ej  by  itself  satisfies  the  electrical  boundary  condition  that  the 
tangenticil  oonponent  of  the  field  shall  be  continuous  across  the 
boundaries,  so  the  field  in  the  Xj  direction,  external  to  the  crystal. 


94 


(2.19) 
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are  the  same  piezoelectrically  stiffenea  elastic  stiffnesses 
encountered  in  Chapter  II. 

The  quantities  are  given  by 

§ I3j  = <^l3j  — (^3i/€33/  ^33j  ’ ( 


(4.10) 


We  will  neea  Dj  in  oroer  to  determine  the  current  and  admittance 
of  this  configuration.  We  use  (2.6)  to  obtain 


1M3  — €(3  + Gn  El  ^ 


(4.11) 


where  (2.4)  has  also  been  used.  When  (4.6)  and  (4.8)  are  put  into 
(4.11) , we  arrive  at 


f ;K3  Ub  j + 6(1  E, 


(4.12) 


In  this  e^qsression  ® 11,3  equals  the  following 


ll?3  ~ ( 031  / ^33)  <^3k3  , (4.13) 


and  t))  is 


fi  ^ ^ 

— G|3  0 31  / 633  • 


(4.14) 


because  of  the  syitiretry  of  0(^^.  to  an  interchange  of  the  last  ta*ro 
indices,  and  because  are  likewise  symmetric,  (4.13)  is  the  same 


as  (4.10) , and  (4.14)  can  be  written 


ei| 


C ^13  ) / 033 


(4.15) 


2.  We  now  transform  to  normal  coordinates  to  uncouple  the 
motions.  In  the  transformed  system  we  have 


^ i3«;  ^ I ; 


(4.16) 
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I>,  = S,i,  U;  , 


■f  ^11  £|  • 


(4.17) 


iijuation  (4.16)  is  obtained  as  in  (2.35)-(2.38)  , and  (4.17)  cxmes  fran 
(4.12)  and  (2.40) , where 


<j  o r ^ I ^ ° 

“ C 6^3/  7^33/  033/ 


(4.18) 


and  §11  is  given  by  (4.15). 

The  wave  equation  (2.39)  must,  of  course,  additionally  be 

0 

satisfied  by  any  solution  u^  that  satisfies  (4.16)  and  (3.3).  Regard- 
ing the  syninetry  of  the  traction-free  plate,  we  take  the  same  solution 
as  for  the  TETM  case: 


U-i  = XJj  ^ ^ T^3  y 


which  satisfied  (2.39) , and  use  it  with  (4.16)  and  (3.3) 


o (O  ® ^ ® — 

7^.  = /C  uj^3  - e,3t  £, 

£1)  £t)  0 

■=.  /c.  X.  Li,;  /O^  X — €,3^  E| 


(4.16) 


hence 


%3  = i H 


+ g, 

c"’  x“'  -o, 


(4.19) 


Therefore, 


= - Q. 


^i3L  E,  - 


/Oo  ?C  Xj 
/Oo  x^‘’^  h 


(4.20) 


whidi  is  the  sane  form  as  (3.8)  for  the  ThTM  case,  while 
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(0  ft-')  ^ «‘)  1 

/C  X :^C  n 


(4.21) 


which  is  to  be  ocnpeired  with  the  correspondinq  (3.9)  for  TKIM. 

Now  we  can  evaluate  D,  by  putting  (4.21)  into  (4.17) , yielding 


fi  -h 


o o 

— I3L  S/1.3 


/C»a?c  g 


(4.22) 


so  that  D j is  a function  of  x ^ ? instead  of  being  a ocaistant,  as  is 
. Ito  obtain  the  x j-  directed  current,  we  must  integrate.  We  taJce 
a portion  of  area  nomicil  to  x , of  width  2ur, 


Al  = (^U')(2'<^)  ) 

and  find  the  current  which  it  intercepts  from 


(4.23) 


II  = -j  CO  (iia-)  J*  Di  d.-)t.3 


(4.24) 


where  the  negative  sign  arises  in  the  same  manner  as  in  the  TLTM  erase. 
With  Dj  from  (4.22)  inserted  into  (4.24),  and  the  integration  carried 
out,  one  finds,  for  1,  , 


S'  2 ^ I i-3  li) 

X =.  --^cD  (lur)E'|  • 2.H  €ii  -I-  yi  /C)  ft.')  ta^H  k ' 

*-  « I ~ t=i  -C  X 


(4.25) 


Defining  the  UilM  oovpling  factor  for  mode  (i) , by 


, to,  Z 

U ) 


g|3L  £ 
3.11 
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allows  (4.25)  to  be  expressed  as 

= -^03  Cz-ur)(^h)  El  ±11  j ± 

We  now  have  an  expression  for  the  Xj -directed  current  arising  as  a 
result  of  the  plate  vibrations  responding  to  the  time-harmonic  impressed 
electric  field  In  order  to  arrive  at  an  equivalent  network  represen- 
tation, we  arrange  our  definition  of  admittanoe  to  take  into  acoount  an 
elemental  portion  of  the  plate.  This  was  done  in  the  TEJIM  case,  vAiere 
a portion  of  area  of  size  A was  selectea  and  the  current  intercepted 
by  it  was  found.  For  the  TETM  unbounded  plate  as  a vAiole,  the  total 
current  woiiLd  itself  be  unbounded,  so  the  calculation  is  a form  of  normal- 
ization, ana  the  vAiole  problon  then  appears  as  a sun  of  elemental  plate 
portions  all  connected  electrically  in  parallel.  Ftor  the  case 

we  again  make  a normalization,  but  this  time  it  is  more  appropriate 
to  consider  the  elemental  sections  as  being  electrically  in  series. 

We  determine  the  admittanoe  on  this  basis.  To  do  this  we  first  consider 
that  the  imposed  field  Ej  arises  from  a potential  difference  in  the 
lateral  direction  eqxral  to  (-E^  (2/))  , Uiere  2/ is  an  arbitrary  length 
in  the  x ^ direction.  See  Fig.  16.  Then  the  irput  admittance  (lEIM) 
would  be,  in  the  same  manner  as  (3.13) , 


Y-  (LETm)  = -Ju/feifj  . 


(4.28) 


Ihe  capacitance  between  two  plates  of  area  A , separated  by  distance  2^ , 
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1 

in  a medium  of  ^ecoittivity  ^ » is 

I Co  = e„  /UJL)  , 

\ (4.29) 

so  (4.2U)  can  be  put  into  the  fom 

X;„  [l  + 2 (/’)  } ' 

(4.30) 

It  will  be  seen  that  the  entire  plate  appears  as  an  assanbly  of  elenental 

areas  in  series  such  as  we  have  considered.  In  the  final  result,  (4.30) , 

the  tranverse  length  (2Z)  does  not  ^pear,  but  appeeirs  instead  in  the 

tranverse  capacitance 

B.  Network  Synthesis  of  (I£1M)  . 

1.  Ihe  task  of  performing  a aie-port  synthesis  of  (4.30)  is  greatly 

sijiplified  by  the  work  of  Ch^ter  III  for  the  TEIM  case,  and  by  the 

siitpler  nature  of  (4.30),  ocnpared  with  (3.15).  We  see,  first  of  all, 

that  Y.  (HUM)  consists  of  four  admittances  in  parallel,  one  of  which 

. is  sinply  realized  by  a capacitor  of  value  to.  What  then  remciins  is 

nothing  more  than  fron  (3.16) , with  a suitable  substitution  of 
(i)  (i) 

to  for  to  and  k for  k . But  we  )cncw  that  Yyj_^in  (3.16)  is  realized 

i by  the  parallel  ccmbination  of  three  networks  of  the  form  of  Fig.  9, 

I so  we  are  led  inmediately  to  the  circuit  of  Fig.  17. 

1 (6 

I It  is  to  be  enphcfiized  that  the  x appearing  in  (3.15)  and  (4.30) 

I are  identical;  both  ocme  frcm  solving  the  sane  wave  eguation,  (2.39) , 

I where  the  c^'^  are  the  same  for  both,  caning  fron  (2.19)  in  each  case. 


That  is  to  say,  the  same  stiffened  elastic  constants  determine  the  wave 


FIG.  17.  EQUIVALENT  NETWORK  ANALOG  REPRESENTATION  1 

OF  TRACTION -FREE  PLATE,  LETM.  j 


TRACTION  - FREE 
SURFACE 
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propagation  velocities  on  the  transmission  lines  in  both  the  TLIM  and 
liilM  cases,  and  these  velocities  are  the  same  as  for  the  case  of  an 
unboundeo  mediun.  Ihe  differences  that  exist  cane  from  the  presence 
or  absence  of  the  negative  capacitance,  and,  of  oourse,  the  fact  that 
Co  refers  bo  a c^citor  whose  plates  are  normal  to  x 3 vHiile  the  plates 
of  Co  are  normal  to  the  x ^ axis . The  piezoelectric  transformer  turns 
ratios  are  different  in  the  two  cases  and  this  is  an  iiiportant  fact, 
becaiose  here  lies  the  key  to  the  misunderstanding  about  "stiffened 
modes"  and  "unstiffened  modes"  v^ich  prevails  in  the  literature.  It 
should  also  be  noted  that  the  piezo-transformers  have  been  located 
at  the  boundary,  as  with  the  TEIM  case.  It  cannot  be  shown  frctn  a 
one-port  synthesis  that  this  is  indeed  where  they  belong,  but  this 
will  be  shown  subsequently,  as  was  done  in  Ch^ter  III. 

In  Fig.  17,  as  in  our  previous  work,  we  have  used 


) , ft  ) 

Yo  = 1 / Ca  (O  u-  ) ^ 


(4.31) 


(O 


- CO  ! or 


(0 


(2.45) 


whereqpcn  the  piezoelectric  transformer  turns  ratios,  n,  beocme 


p /H-  = kt  ^ I3t 

il,  ’ (4.32) 

with  the  trai^former  dots  as  shown.  Notice  that  the  area  factor  in 

(4.31)  refers  to  the  plane  normal  bo  X3  , vAiile  the  factor  in  (4.32) 

(0 

has  a normal  in  the  direction  of  x^  . This  is  because  refers 


I 


to  the  transmission  lines  which  extend  along  x 3 , whereas  the  transfoimer 
turns  ratios  depend  u^jon  the  doss  sectional  area  vhich  intercepts 
the  current  flow  in  either  the  TEIM  or  UJIM  case.  For  the  TEIM  case. 
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the  area  factor  in  (3.17)  is  just  A,  whose  normal  is  alonq  X3  , the 
direction  of  the  cvirrent , while  for  the  current  is  edong  x | so 

(4.32)  contains  the  quantity  A , defined  in  (4.23) , with  normal  edonq 

Xi. 

2.  We  now  make  sane  remarks  wdth  reference  to  the  literature ; 
in  particular,  we  review  sane  past  work  in  the  light  of  our  gener^d 
results,  so  far,  for  the  plate. 

The  presence  or  absence  of  the  negative  capacitor  is  the  first 
indication  of  the  type  of  excitation;  the  I£TM  electrical  input  circuit 
consists  of  only  a single  shunt  Cc^citor.  This  separation  of  the 
input  circuit  from  the  portion  represmting  the  vibration  was  mentioned 
in  connection  with  SchtSssler's  paper  (143) . 

In  Schweiz's  paper  (215)  he  derives  the  equivalent  of  (4.30) 
for  two  modes  in  a ceramic  plate.  He  shows  that  by  means  of  a variation 
in  the  angle  which  the  applied  field  makes  in  the  latercil  plane,  which 
is  the  same  as  rotating  the  crystcillographic  XYZ  axes  about  our  X3  , 
with  respect  to  our  x ^ axis , the  attplitixies  of  the  two  modes  which 
he  treats  can  be  altered  with  respect  to  each  other.  Such  a device 
could  be  used  to  redixe  the  nuntser  of  resonators  in  a filter;  the  idea 
has  been  applied  to  the  shear  and  quasi-shear  modes  in  a rotated  Y- 
cut  quartz  plate  (214a, b) . 

The  case  of  one  mode  being  excited  by  a lateral  field  was  first 
treated  by  Mason  (130)  in  1939 , where  the  motion  of  a beu:  was  analyzed. 


he  obtained  the  resonanoe  frequencies  from  the  harnonically-related 
roots  of 


. <*<»c 


X h 


CO 


> (4.33) 

ana  the  nc»i-h£mnonicaily-reiatea  antiresonant  frequencies  fron  the 


roots  of 


t-Am,  X <1  ^ — xh  (.1-^  )/-4 
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(4.34) 

One  can  see  that  the  TLTM  antiresan£uiaes  coincide  with  the  LEIM 
resonances.  For  the  situation  where  only  one  mode  of  either  is  driven, 
the  construction  for  finding  the  roots  is  given  nicely  by  Schdssler 
(143) ; Tiersten  (b4)  first  gave  the  TLTM  oonstruction,  ana  the  other 
follows  from  it. 

From  the  differences  between  the  roots  of  (3.19),  (3.20)  and  (4.33), 
(4.34)  the  electromechanical  covpling  factors  may  be  determined  (141). 

The  differences  which  arise  from  the  types  of  excitation,  TLTM  and 
ILTM,  can  cilso  be  used  to  explain  the  finding  of  Bechnann  (208,210) 
that  a production  version  of  a high  precision  qvartz  TLTM  vibrator, 
when  converted  to  L£TM  operation,  had  its  fundamental  resonance  frequency 
shifted  v|Xirard  slightly,  viewed  as  a consequence  of  the  chcinge  in 
oanditions  from  (3.20)  to  (4.33) , it  is  seen  to  be  an  effect  due 
the  ootf>ling  ocsefficient,  which  may  be  found  from  his  data. 

Just  as  with  the  TETM  case,  the  solution  (4.30)  is  exact,  and 
the  realization  of  Fig.  17  also  exactly  realizes  (4.30)  so  the  network 
is  valid  for  transient  studies,  and  can  additionally  be  used  cbwn 
to  DC.  At  DC  the  network  degenerates  to  a shiple  parallel  ocmbination 
of  ^ and  three  capacitors  of  value  Cp(k  ' ) . Notice  that  we 


Notice  that  we 
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cannot  say  anything  like  (3.22)  now,  since  the  input  capacitance 
of  such  a circuit  is  always  positive  for  real  values  If,  however, 

we  wish  to  make  a ocnparison  between  the  two  C3ses  IKIM  and  LEIM 
in  the  t)C  limit,  si^posing  that  Co  = to,  then  we  would  have  identiced 
input  capacitances  in  each  case  providing 


= d. -h  I 

t=i  ' 


or  xn  the  c:ase  of  only  C3ne  mode  of  each  type. 


(4.35) 


± - A 

which  leads  iinnediately  to 


— ; 


(4.36) 


or,  alternatively 


1- 


± ^ jY 


(4.37) 


(4.38) 


An  identical  relaticnship,  (4.36)-(4.38) , is  found  by  Bechmann  (137), 
between  one-dimensioncil  covpling  factors,  from  an  entirely  different 
point  of  view. 

2 2 

Caning  back  to  (4.34) , the  cjuantity  (1-k  )/k  can  be  replac3ed 

sinply  by  the  LiTIM  cxjupling  facior  Ic^  from  (4.37) , so  that  (4.34) 
and  (3.20)  differ  now  caily  by  the  sign  of  Xh. 

In  the  single-mcxie  c:ase,  we  noted  in  Chapter  I,  in  connecticai 


- * ;■ 


with  Mason's  exact  1939  liTIM  network  (130) , that  it  was  equivalent 
to  Butterworth's  circuit  (129) . It  is  instructive  to  think  of  these 
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two  alternates  in  connection  with  the  xormal- coordinate  transformation 
we  introduoed  in  Chapter  II.  We  saw  that  this  transfonration  in 
the  physical  problem  allowed  us  to  put  the  network  results  into 
transmission-line  form,  that  is,  the  transmission  lines  r^resent 
the  three  normal  modes  of  the  system. 

CJuillemin  (217)  discusses  normal- coordinate  transformations 
aj^lied  to  circuits  and  shows  that  such  a transformation  leads  to 
network  realizations  as  Poster  forms.  Butterworth's  1915  circuit, 
which  incidentally,  predates  Poster's  work  (217)  is  just  one  Foster 
form,  wherein  the  normal  ooordinates  are  placed  in  evideix:e,  and  the 
method  for  doing  this,  starting  from  tlie  transmission  line,  is  the 
partial-fracticns  expansion,  as  was  used  by  Marutake  (144,145) . 

3.  Having  worked  both  traction-free  problems,  we  are  now  in  a 
positicn  to  consider  the  "stiffened"  and  "unstiffeneo"  question. 

A distinction  has  grown  up  in  tlie  literature  -,etween  the  TlilM 
case  (also  the  corresponding  case  for  a bar  or  rod) , and  the  I£1M 
case  (similarly  for  bar  or  rod) , vhere  a mode  of  the  former  is  called 
a "stiffened  mooe,"  while  a mode  of  the  latter  is  referred  to  as  an 
"unstiffened  mode."  That  there  is  a distinction  to  be  made  is 


certainly  true;  the  terminology,  however,  is  unfortunate,  and  this 
is  not  merely  a cavil. 

Ihe  origin  for  the  terms  doubtlessly  lies  in  the  fact  that  for 
most  of  the  popularly  used  substances  and  cuts,  it  arises  that  the 
llilM  situation  produces  a driven  mode  whose  phase  velocity  depends 


upon  stiffened  elastic  constants 


(see  (2.19)),  v^ile  the 
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USIM  situation  produces  a driven  mode  whose  phase  velocity  ctepends 

£ 

caily  upon  the  unstiffened  values  . 

3j«3 

Oiar  general  results  permit  the  following  cteervations , The  TL1M 
ana  cases  are  distinguished  by  the  presence  or  absence  of  a 
negative  capacitor,  by  the  difference  in  orientation  of  Co  ana  Co  ana 
fcy  the  quantities  which  enter  the  piezo- transformer  turns  ratios.  The 
transmission  lines  are  iaentical  for  both  cases.  Ihis  means  that,  in 
general,  both  'iMM  ana  UJm  will  drive  a "stiffened  mode." 

As  we  shall  shew  a TETM-ariven  iiKxie  must  be  a "stiffened  nrxie' 
ana  a "stiffened  mode"  must  be  TElM-drivable , vhiereas  a LETlM-ariven 
mode  may  be  a "stiffened  mode"  or  not,  and  a "stiffened  ntxle"  may  or 
not  be  drivable  by  L£TO1;  likewise,  an  "unstiffenea  mode"  may  or  mav 
not  be  iiLlM-drivable . 


l“iis  is  seen  as  follcws . The  critericn  of  whether  a mooe  can  be 
oriven  or  not,  is  v^ether  the  oorresponding  piezo  transformer, 
connected  to  that  modal  transmission  line,  has  a finite  or  zero  turns 
ratio.  This  is  determined  by  the  proper  transformed  piezoelectric 
constant;  from  (3.17)  , this  constant  is  0^,^  for  lEm  ana,  fran 


(4.32)  , for  LEIM. 


The  effective  stiffness  oetemining  the  velocity  ana  wavenunber 


X \ for  transmission  line  (i)  is  c^^l 


We 


may  relate  this  to 


as  follcws:  starting  from  (2.19),  vihich  is 


'3i>S 


- ^3j-k3  + £33;  /e„  , (2.19) 

multiply  through  by  ana  a^ly  (2.34)  and  (2.29)  to  get 


CO  (0  e (c)  o ft 

/C  + Gjsc  031,3/633  . 


(4.39) 
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(0 

i\CM  multiply  tiux)ugh  by  and  apply  (2.26)  and  (2.29)  whidi 

gives 

M £■  (0  0 0* 

<■  = + C35i  7^33  • (4.40) 

by  the  use  of  (3.7)  , this  can  be  written  in  other  equivalent  forms, 

such  as 


/(  ^~  ) ) 


(4.41) 

a') 


It  is  enougn  for  us  to  see,  fron  (4.40) , that  the  eigevalue  c 

O 

uepenus  upon  for  its  piezoelectric  stiffening,  and  this  is  the 
quantity  that  uetermines  the  turns  ratios  for  the  ILIM  case.  This 
proves  that  a TLTM-driven  mode  must  be  a "stiffened  nxxle"  and 
conversely. 

C 

In  the  case  of  LfcTlM,  it  is  obvious  that  may  be  finite  while 

0 

033^  is  zero  because  they  are  independent  of  each  other.  This  would 


make  the  seconc  term  on  tiie  right  hana  side  of  (4.40)  zero  ana  c 

E 


fO 


WDula  be  aeterminea  by  the  only,  without  any  piezoelectric 

stiffening;  hence,  in  this  instance,  the  LLTM-driven  mode  is  an 

0 (O 

"unstiffened  mode."  but  if  C,,,;  is  finite,  then  c must  have  a 
piezoelectric  stiffening  term;  so,  t;y  (4.18)  , if  furthermore  etsc 
ano/or  €j(  are/is  also  finite,  then  this  "stiffenea  mode"  is 
bL’IM-drivaole , in  contradiction  to  the  usual  notions  prevailing  in 
the  literature,  'ihe  general  circvmstances  under  which  a mode  is 
excitable  or  not  are  given  in  Fig.  18. 

4.  Let  us  go  on  new  to  the  simplification  of  Fig.  17.  Ihe 
same  argunents  we  gave  in  Section  III  b hold  good  here.  Briefly, 
tne  syirmetrical  excitation  of  the  transmission  lines  guarantees 
that  the  centers  thereof  are  nodes  of  displacement,  which  is 
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to  say,  of  mechanical  current.  The  same  thing  is,  of  course,  to 
be  seen  from  (3.4)  as  well.  Iherefore  the  transnission  lines 
may  be  cpenea  at  this  point.  Die  twe  lines,  each  now  of  length 
h,  belonging  to  mooe  (i)  , are  then  in  oarallel  and  may  be  replaced 
by  one  line  of  twice  the  characteristic  acfnittance . 

There  thus  results  three  lines  on  a bisected  basis.  In  the 
resulting  figure.  Fig.  19,  one  has  a circuit  very  much  like  that 
of  Fig.  11,  save  for  the  absence  of  the  negative  capacitor,  tiie 
replacement  of  Co  by  Co  and  the  substitution  of  (4.32)  for  (3.17) 
in  the  turns  ratios. 

The  establishment  of  the  seven-port  electromechanical  admittance 
matrix  will  concern  us  next. 

C.  Tne  bLTM  Plate  Electromechanical  Admittance  Matrix. 

We  shall  new  continue  in  the  fashion  of  Chapter  III  to  establish 
the  seven-port  immittance  matrix  appropriate  to  the  L£TM  problem. 

It  will  turn  out  that  LLTIl  ana  TLTIl  are  very  nearly  duals  of 
one  another,  ana  tliat,  just  as  the  negative  capacitor  found 
to  be  present  in  the  TLTM  case  made  it  advantaaeous  to  work  with 
the  impedance  matrix  then,  it  will  prove  to  our  advantage  to  use 
the  acini ttance  formulation  new. 

It  will  be  recallea  that  evaluaticjn  of  the  impeuanco  matrix 
elements  involved  placing  open  cirenoits  at  all  ports,  and  tliis 
had  the  result,  in  the  'ILTM  situaticn,  that  when  port  (7  ) was 
openea,  the  negative  capacd.tan<3e,  acidea  to  the  positive,  produced 
a short  across  the  piezo-transformers  which  cjecoupled  the  transmission 
lines.  'This  rendered  the  impeaancxjs  easy  to  determine,  whereas 
the  acanittance  matrix  elements,  vhich  involve  short,  edremits  at 
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clLI  ports,  wouLu  have  had  the  effect  of  placing  the  negative  Co  across 
the  transformers,  and  the  transmission  lines  would  have  remained 
oouplea. 


In  the  present  instance,  where  the  negative  capacitance  is  absent, 
a snort  at  port  (7*^^  reflects  oirectly  upon  the  transformers  to  produce 
the  uesirea  ueooupling.  lienee,  we  use  the  admittance  fonnulation  to 
e^qaress  the  LL1M  results. 

Tivis  time  we  will  start  with  the  plate  eqxaations,  after  which  the 
network  realization  will  be  obtainea. 

1.  we  again  choose,  for  our  definitions  of  port  voltaaes  ana 
currents , equations  (3. 35) - (3.40) . By  definition,  the  acinittance 
element  is  obtainea  frem 


3,’{  = </^I, 

with  all  voltages  equal  to  zero  but  Vj  . Ibis  means  physically 
that  tne  plate  will  be  ocmpletely  traction-free  vben  is  oeterrained 

and  have  only  one  conponent  of  transformec  stress  applied,  and  that 
to  only  one  side  vben  the  other  admittance  elonents  are  determineu. 

Thus  the  conditions  requirea  to  obtain  y*y  we  have  alreaay 

met  when  the  traction-free  plate  was  analyzed  in  Section  IVA,  and 

o 

y^  , is  recognized  as  being  equal  to  Y (LLTM) , which  is  given  in 

' ' in 

(4.30) . It  remains  for  us  to  obtain  the  oenponents  of  self  and  mutueil 
inechaniccil  acknittanoe,  and  mutual  electromechanical  acinittance. 

Hie  same  argunent  that  led  to  closing  (3.45)  is  anplicable  here, 
except,  as  we  wish  to  force  with  a single  non-zero  voltage,  rather 
than  with  a current,  we  take  instead 


When  the  self  and  mutual  mechanical  admittances  are  to  be  cetermimd, 
the  electrical  port  must  be  shorted.  This  leads  to  setting  E ^ equal 
to  zero  in  (4.16) , which  then  reads 


1 12 


With  the  assured  form  of  T^- 
beoone 


(0  e 

3 

(4.44) 

in  (4.43),  the  transforned  displaoanents 


^ >C«rJ  ±%j) 



(0  U)  ’ 

^ X (4.45) 

the  oonstant  of  integration,  amounting  to  a rigid  body  trcinslation, 

is  oiscarded  because  it  does  not  satisfy  (2.39) . 

From  our  choices  of  voltage  and  current  variables  and  our  definition 

(4.42)  , we  can  use  (4.43)  and  (4.45)  to  obtain  tlie  self  and  mutual 

mechanical  teims. 

Straightforward  calculation  for  i = 1 gives 


V,  = A I ^1  j 
X,  = (i,  ^ 9i  /(£■  X ) , 

so  that 


(4.46) 


(4.47) 


^.1  = 

with  the  usual  definitions. 


0,  ^ (4.48) 

The  same  eirguments  we  used  in  tlie  TETM 


case  nov  can  be  used  to  arrive  at 


\ 


y«  = 


- 


•tizz  = J/fT  - 


^<53  ® 


Yo 

-J  t"  Otl  6 I 


tcun.  &z 


Yo 

^ ‘t'O^  03 


(4.49) 


(4.50) 


(4.51) 


which  cacxipletes  the  oetermination  of  the  main  diagonal  terms. 

2.  From  (4.44)  we  see  that  only  mechanical  off-diagonal  matrix 

elements  determined  by  the  same  mode  index  number  (i)  are  non-zero, 

which  means  that,  according  to  (3.35),  (3.36)  and  (3.38),  (3.39), 

those  whose  port  nimbers  differ  by  three. 

lOr  exatple,  with  (4.46)  for  V°,  only  is  finite  (apart  frcm 

1°  , obviously;  bvtt  this  leads  to  the  main  diagonal  term  y°^  ) . For 

1°  we  obtain, 

4 


leading  to 


= -h  ^ (V  <^l  / (C  X ) , 


(4.52) 


~ &i 


(4.53) 


^ain  we  use  the  TLIM  arguments,  about  permuting  modal  index  nunbers, 
etc. , to  deduce 


Y. 

• j -4^  Q\ 


(4.54) 


• • Q ^ 

— I Oz 


(4.55) 


■ j ®3 


(4.56) 


Similarly  we  find  that  caiponents  with  the  fbllowinq  indices 
are  zero:  12,13,15,16,23,24,26,34,35,45,46  and  56,  plus,  of  course, 
those  on  the  other  side  of  the  diaqonal,  with  the  digits  in  reversea 
order.  This  follows  from  (4.44),  as  we  remarked  in  the  oiscxjssion 
between  (4.51)  and(4.52). 

One  set  of  elements  remains  to  be  determined,  the  electromechanical 

o 

mitual  terms.  These  are  found  by  application  of  ana  measurii^ 
the  (5=lto6),  No?  we  take  all  T^^^  to  be  zero  at  the  surfaces 
of  the  plate,  a condition  which  we  encountered  in  Section  A,  above. 

In  fact,  we  can  borrow  those  results,  becairse  we  know  that  an  applied 
field  Ej  produces  the  displacements  u®  given  by  (4.21).  We  said, 
in  the  uiscussion  after  (4.27) , that  Ej  could  be  looked  vpon  as  arisii^g 
from  a potenUal  difference  (-E,  (2X ) ) . If  this  is  our  V°  , appropriate 
to  a portion  of  the  plate  of  length  2ji  along  x ^ , then , by  the  use 
of  (4.21),  (4.23)  and  (4.32),  along  with  (3.38),  (3.39),  we  can  determine 


After  a simple  calculation,  and  applying  our  usual  methods  of 


syimetry,  etc. , we  obtain 


'in  = !/7i  = H ^7  - H-Hf  - 


^Z7  = V = 3^7  = 37T  = 


anu 


Ij37  ' j73  = 3‘7  ■ = 


'n.,  Yo 


(0 


^yt^Oi/z)  ^ (4.57) 


r-?r 


Y, 


c*) 


Y. 


t3) 


j /C«?t  (^Qslz)  (4.59) 

'Ihis  coipletes  the  determination  of  the  admittance  matrix,  which  is 
written  out  fully  on  the  next  page,  the  element  y°^  being  given 
by  (4.30) . 


ni  Yo 


jcot  {9^/2)  j cot (02/2)  j cot  (03/2)  j cot(0,/2)  j cot (02/2)  j cot (03/2) 


U.  Ihe  hlectxanechanical  Network  Aomittanoe  Matrix. 


tiaving  obtainea  the  a<inittanoe  matrix  fran  the  mathematical  statenvent 
of  the  physical  problem,  we  wish  here  to  synthesize  a transmission- line 
network  that  realizes  this  same  matrix  exactly,  and,  furtlier,  one 
that  can  be  shown  to  be  a true  analog  of  the  vibratino  plate,  in  the 
normal  coordinate  system.  'Ihe  results  of  the  next  chapter  will  then 
provide  the  necessary  additional  circuitry  to  ccmplete  the  development 
of  true  analogs  for  a single  plate,  ana,  at  the  same  time,  leaa  naturally, 
in  Chapter  VI,  to  generalizations  of  our  results  vherein  any  nunter 
of  layers  may  be  acoormodated  by  our  representations. 

1.  IVe  may  shorten  the  procedure  of  finding  an  appropriate  network 
by  considering  our  past  results,  particularly  Fig.  13  and  Fig.  17. 

Taken  together,  they  strongly  suggest  that  a circuit  identical  to 
that  of  Fig.  13,  but  lacking  the  negative  capacitor,  will  meet  the 
necessary  conditions.  And  so,  we  consider,  provisionally,  the  network 
of  Fig.  20,  which  has  these  charac:teristics  we  have  repeatedly  stressed; 
three  modal  transmission  lines  and  boundary-forcing,  piezoelec±ric 
transformers . 

One  might  go  to  more  elaborate  lengths  to  show  why  the  admittance 
matrix  leads  to  this  figxire,  but  it  will  save  space  to  turn  the  process 
around,  and  sixiply  analyze  the  conjectured  cx>nfi<guration  shown. 

To  this  end,  we  replacje  each  transnission  line  by  its  ecnii valent 
luTpeo  cirenoit;  shown  in  Fig.  21,  this  has  bcjen  taken  in  the  pi  form, 
which  is  proper  to  an  acfnittance  determination.  The  ocrplete  seven- 
port,  lutped,  network  is  given  in  Fig.  22.  The  p»rt  voltage  and 
cnorrent  cxjnventions  are  identical  with  those  of  Fig.  15.  Element 
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values  for  the  members  of  the  pi  circuits  are  to  be  taken  fran  Fig. 
21,  with  the  necessary  sub-  or  superscripts,  relating  to  the  mode 
nuirber,  added. 

liJhat  ranains  of  ovur  task  is  simplified,  as  it  was  in  Section 
C,  by  the  deoovpling  effect  of  the  short  circuit  applied  to  port 
(7°).  Using  elanentary  circuit  analysis,  and  the  inherent  symnetries 
present,  we  may  write  cacwn  the  elements  almost  by  inspection.  Th^ 
are: 


(0 


0) 


= Y,  + y,  = 


(I) 


Y. 


J to/n.  ^ I 


(4.60) 


= 'Jsy  = 


C1-)  U) 

Y,  + Yx 


Yo 


f») 


Oi  (4.61) 


n 


e ^3)  <3) 

= r,  ^ r^ 


(3) 


r. 


Y ^3  (4.62) 

It)  find  the  term  , fran  the  circuit  given,  it  is  easiest 

to  resort  to  a bisection,  as  was  done  to  obtain  Fig.  19.  Ihe  situation 
is  the  sane,  oecause  ports  (l‘^  to  (6”)  are  ncv;  shorted,  as  in  the 
former  case,  as  no  current  flows  through  tiie  three  series  arms, 
denoted  as  Y ^ in  the  figure , because  of  synmetry , tliey  are  bisected 
with  cin  open  circuit,  and  the  result  is  tliree  pairs  of  admittances 
in  parallel,  that  are  seen  on  the  primciry  sides  of  the  transformers 


as  a total  admittance  of  value 
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3 U) 

Z-Z  'X-L  Y,  . 

t=l 

When  t±ie  admittance  of  to  is  adoed  to  this,  and  we  use,  fran  Fiq. 


21, 


X = j V.  toxK,  {9i/z)) 


(4.64) 


we  get 


^7  = £o  + j Z Z Yo'\a^  • 

i=( 


(4.65) 


iiy  using  the  definitions  of  to,  n-Yo^^^  and  0.  , this  iiiay  be  put 
into  the  form  (4.30) , the  required  result. 

'Ihe  finite  mechanical  .TTUtual  terms  are  simolv  tiie  neaative  of 
the  series  arm  of  the  proper  pi , so  that  we  have 


O C 

y.,  = y 


<11  — 


(0 

r,  r 


Yc 


(0 


" ^ ,4vm.  B) 


(4.66) 


%5  - !jsz  - ” “ 


Y. 


») 


— ^ 6x 


(4.67) 


(5) 


^34  = = - Yz  = 


Y. 


C3) 


— ^ 03 


(4.68) 


while  it  is  seen,  by  inspection,  that  the  terms  subscripted  12,13,15, 
16,23,24,26,34,35,45,46,  and  56,  are  zero,  as  are  the  corresponding 
terms  belcw  the  diagonal.  ■< 
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'Ihe  remaining  category  is  that  of  the  electrcmedieinical  mutual 

o 

terms;  these  are  found  by  forcing  with  Vy  . Symnetry  was  usee  to 
get  y°^  , and  it  is  useful  here  also.  IVe  use  the  same  bisection 
as  previously,  but  reason  that  the  full  voltage  appears  across  each 
transformer,  so  that  secondary  voltages  of  n^Vy  serve  as  the  sources 
in  eacii  of  six  simple  loops,  each  consistino  only  of  producing 

currents  of  circulating,  in  every'  case,  in  the  direction 

counter  to  the  particular  port  current  ; thus  the  admittance 
elements  are  equal  to 


ov:  Yo 

j ^ iQi /i) 


(4.69) 


In  particular 


br,  = 


fi,  Yo 


j /Cit  (©,  fz) 


(4.70) 


hy  - ‘j‘. 


Ye 

■j  (©2  / 2.) 


(4.71) 


!J37  = = 


O) 

r. 


(4.72) 


o o 

which,  with  the  symmetry  y , = v oompletes  the  evaluation. 

-jir 

ive  see  the  resiiLts  are  in  accordance  witJi  vhat  we  <±)tained  frm  the 
equations  of  the  plate,  so  tlie  network  of  Fig.  20  represents  the 
physics  of  the  problem,  insofar  as  may  be  seen  frem  the  seven  ports  (7t°) 
2.  Ihat  the  network  of  Fig.  20  actually  does  more  than  represent 
the  physical  situation  at  the  seven  ports  may  be  shown  by  following  the 
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j 

arqunent  as  we  gave  it  in  Section  III  E.  The  stresses  are  given  by  | 

(4.16)  instead  of  (2.38),  with  - suffering  a uisoontinuity  j 

C < 

at  the  surface  instead  of  0.  ^ , but  the  conclusion  remains  j 

i 

unaltereu:  the  placing  of  the  piezo- transformers  at  tlic  bouncaries 

iias  this  uefinite  significance,  as  explained,  'ihe  discussion  regarding 
the  identification  of  the  transmission  line  variables  witti  the  plate 
mechanical  voltages  and  currents  is  likewise  unchanneu,  and  therefore, 
quite  sinply,  we  have  established  that  Fia.  20  is  a true  analog  of 
the  physical  problon  of  the  LLTM-driven  crystal  plate,  ur>  to  tlie 
boundaries . 

A consideration  of  the  situation  at  tlie  boundaries  is  the  subject 
for  discussion  in  the  next  diapter.  Ihere  we  will  clitain  additional 
circuitry  to  place  at  tlie  normal  coordinate  ports  ( tt'^)  to  ocrplebe 
the  piiysical  and  network  pictures . 


r 


125 


V.  Ccnplete  Representations  of  a Plate  with  Arbitrary  Loads 

Cn^jters  III  and  IV  have  revealed  that  the  thickness  modes  of 
vibration  of  au±>itrarily  anisotropic  plates  may  be  represented  by  net- 
works that  are  true  analogs;  these  represent  exactly  the  physical  state 
of  affairs  as  a function  of  the  thickness  oooroinate.  Because  the 
problems  nave  been  transformed  to  normal  coordinates , and  the  netx«3rks 
oescribed  in  these  terms,  one  is  left  at  the  bounding  surfaces  of  the 
plate  with  port  variables  in  the  transformea  system. 

in  tnis  cn^ter  we  provioe  the  adoitional  circxiitry  necessary  to 
cdiplete  the  conversion  to  port  variables  \>hicli  exactly  correspond  to 
the  actual  quantities  entering  the  physical  boundary  ooncdtions,  namely, 
the  true  stress  and  oisplaoement  (or  velocity)  ccriDonents,  anu  we  also 
find  tne  overall  inmittanoe  matrices  for  the  ccmplete  net^^^orks  thus 
formed. 

wnen  the  seven-|X5rt  networks  have  been  oanDlcted  in  this  way,  the 
analogs  will  also  oe  compiete  and  exact  in  every  respect,  ana  tire  net- 
works can  suDstitute  for  the  electromechanical  plates  in  any  and  cdl 
circunstances . 

A.  Mectianical  Boundary  Network 

1.  In  most  of  the  calculations  of  this  chapter  it  will  suit  our 
purposes  to  use  matrix  notation,  along  with,  or  in  place  of,  tensor 
notation.  Our  attention  will  be  largely  confined  to  the  physical  and 
electrical  port  qroantities  in  the  transformed  and  untransformed  systems, 
and  to  tne  modal  matrix. 

As  we  have  done  previously,  the  degree  sign  is  used  to  denote  a 


1Z6 


transfontea  variable  or  coefficient,  'ihe  quantities  T,.  , 1'  , u , U;  , 

J J 

• • 

V.  ana  V;  are  taken  as  three-by-one  cx)lum  matrices,  ana  written  T,  T , u, 
J J 

# O 0 o 

u , V ana  v , respectively.  Sinalarly,  the  , Vjj.  , ana  are 

O 

taken  as  seven-by-one  ooluim  matrices,  respectively  written  V,  V , I ana 


Ci) 


The  mooal  matrix 


ft  ^ 


is  written 


suDscript  t,  thus,  . 

Acooroing  to  these  definitions,  and  (3.i5)-(3.40) , we  can  write 


a transpose  is  indicated  ty  a 


= [ A (-lo)  j (f  0 I , (5.1) 

and 

J l7  ] • (5.2) 

For  the  work  of  this  section  we  require  a relation  between  the 
mechanical  port  voltages  and  the  currents  ^apearing  on  a single  side  of 

e d 

the  plate.  Tiiat  is,  we  wish  to  pair  the  matrices  Ai'  (-h)  anc  *v  (-h)  , 

0 e 

ana  also  AT  (+h)  ana  +v  (+h)  . 

It  will  maJce  the  notation  sinpler,  and,  incidentally,  prevent  v 
fron  being  cxaifused  with  a voltage,  to  introduce  the  abbreviations 


e 0 


A T C-h)  - 

L , 

(5.3) 

A tV),) 

O 

(5.4) 

0 

0 

- LT(-h)  = 

^ > 

(5.5) 

+ ■=* 

(5.b) 

ana  similarly  for  the  corresponding  untransformed  matrices. 


J 


Our  inmeciiate  object  is  now  to  see  how  these  quantities  are  inters 
related,  and  to  implanent  the  relations  a network.  From  (2.27) , (2.28) , 
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(2.30)  ana  (2.31)  there  follcM 


L = 

M = (i 

J = A T' 


K = * (5.10) 

At  the  surface  x = -h,  the  physical  boundary  oonaitions  which  have 
to  be  net  are  those  of  continuity  of  each  stress  and  velocity  (or  dis- 
plaoenent)  ocnponent.  Ihis  requires  the  specification  of  the  quan- 
tities L and  J,  the  three  mechanical  port  voltages  and  currents,  res- 
pectively. Similarly,  at  the  ipper  surface  x = +h,  continuity  of 
M ana  K are  aemanded. 

We  require  one  network  at  each  surface,  that  converts  our  mechanical 

O • • O 

port  variables  from  L and  J to  L and  J,  and  fron  M and  K to  M cUid  K. 
Fran  Section  II  A,  the  matrix  j8  relating  the  transformed  and  untrans- 
formea  variables,  is  orthogonal,  that  is, 


/i.  = 1^' 


(5.11) 


A multi-winding,  ideal  transformer  interconnection  which  realizes  this 
transformation,  which  is  discussed  by  Carlin  & Giordano  (218) , is  shown 
in  Fig.  23,  for  the  case  of  a three  by  three  array,  cis  is  the  case  for 
• '^'he  figure  m^  be  reversed,  with  the  primaries  labeled  with 

tlie  s^serscriptea  variables,  vpon  interchanging  sub-  and  super-scripts 
on  the  ocnponents  of  p , i.e.,  by  substituting  the  corresponding  ocnponents 
of  , for  the  transformer  turns  ratios.  This  ability  will  lead 
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to  simplifications  when  two  strata  aire  oonnected  mechcuiically  together, 
as  is  aone  in  Chapter  VI. 

When  mechanical  interface  networks  of  the  type  given  in  Fig.  23 

O ^ 9 p 0 p 0 O 

are  attached  to  the  ports  (K)  , (>r  ) = (1,2,3)  and  (4,5,6)  , the  quantities 
vihich  then  appear  at  the  new  ports  ( tt  ) are  those  required  by  the  plate 
boundary  conditions.  We  show,  in  Fig.  24,  the  cotplete  TEUM  network 
for  a single  plate,  ihe  electrical  port  does  not  require  a trans- 
formation, ana  is  labeled  (7  ) for  notational  consistency.  From 
Fig.  24,  tlie  LLTM  network  follows  upon  shorting  the  negative  capacitors ^ 
r^lacing  by  C,,  and  using  (4.32)  , instead  of  (3.17)  for  the  turns 
ratios . Ihe  orientation  of  to  must  cilso  be  changed  so  that  the  normal 
to  the  electrodes  points  along  . 

2.  At  first  sight  the  network  of  Fig.  24  appears  scmevhat  intricate, 
but  i;pon  closer  exanination,  one  may  see  that  the  individual  features 
are  all  s^arated  from  one  another,  and  the  entire  structure  is  built 
vp  by  the  sinple  addition  of  all  the  parts.  We  shall  see,  in  the  next 
cheater,  how  practical  boundary  conditions  very  often  lead  to  considerable 
sinplifications  of  this  network.  Taking  it  as  a whole,  new,  we  see 
that  the  three  plane  acoustic  waves  in  the  piezoelectric  crystal  are 
accounted  for  the  three  transmission  lines.  Ihe  applied  electric 
field,  which  is  imposed  iy  a potential  at  port  (7) , appears  in  the 
shunt  capacitance  . These  are  the  only  features  that  we  attribute 
to  the  bulk  of  the  crystal;  what  remains  is  described  in  terms  of  inter - 
facial  networks  of  two  types.  The  first  is  due  to  the  piezoelectric 
effect.  This  effect  is  ejq^ressed  in  our  circuits  by  the  presence 
of  piezo-transformers,  located  only  at  the  two  boundaries,  ana  oonnected 
into  each  of  the  three  trananission  lines  in  a simple  manner.  The 
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manner  of  oonnection  is  this:  fran  the  electrical  inout  network 

(shunt  ^ for  LtlM,  shunt  ana  series  -C^  for  TblM)  the  six  transforner 
primaries  are  in  parallel,  ihe  six  secondaries  are  simply  placea 
in  series  with  the  ends  of  the  tnree  modal  transnission  lines,  with 
dots  in  accordance  with  the  polcu*  nature  of  the  excitation. 

ihe  third  caiponent  is  the  mechcmical  boundary  network,  which 
also  consists  only  of  ideal  transfonners . ‘I'wo  such  are  renuireu, 
one  for  each  plate  siirfaoe.  As  arawn  in  the  figure,  (which  could 
be  turned  arounu  by  transposing  the  tiams  ratios) , the  three  ports 
connecting  the  medianical  transformer  secondaries  together  lead  to 
the  tiuree  modal  transmission- line  ends,  where  they  are  placed  in  series 
with  the  piezo-transformers,  ihat  the  piezo-drive  and  the  mechanical 
transformers  are  placed  in  series  at  the  input  to  the  transmission  lines 
is  a oonsoquenoe,  and  a very  important  one,  of  (2.47)  , which  can  be 
written 


^ C 

■^31  = 


'3i  • (5.12) 

Ihe  interpretation  attached  to  this  result  was  given  in  III  E.  It  amounts 
to  the  fact  that  the  mechanical  and  piezoelectric  sources  are  in  series 
and  subtract  to  produce  a resultant  that  propagates  along  the  appropriate 
transmissicn  line. 

Ihe  mechanical  transformer  circuit  itself  acocmplishes  the  trans- 
formation fran  the  normal  coordinate  system  of  the  transmission  lines 
bo  the  coordinate  system  established  by  the  reference  axes  that  describe 
the  crystal  orientation.  In  this  way,  the  stresses  and  displacements 
(or  velocities)  that  appear  in  the  normed  coordinates,  and  that  are 
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there  ccn|30unaed  of  ocn|xxients  of  the  sane  quantities  in  the  untrans- 
formea  (referenoe)  ooordinates,  are  reapportioned  byr  the  circuit  con- 
figuration and  turns  ratios,  so  that  the  separate  ocnponents  of  the 
referenoe  systan  appeeir  at  the  mechanical  ports. 


by  introducing  these  boundary  networks  we  have  allowed  the  processes 

appearing  in  the  interior  of  the  crystal  plate  to  be  presented  in  a 

very  sinple  and  lucid  manner,  i.e.,  a single  transmission  line  for  each 

nocie,  and  a simple  capacitor  to  represent  the  dielectric  behavior  of 

the  crystal  with  respect  to  an  applied  electric  field.  The  price  of 

s 

such  sinplicity  within  the  plate  is  the  cc»rdinate-tranfonning  networks 
requirea  at  each  boundary.  It  is  a small  price  when  one  considers 
how  explicit  each  of  the  interactions  is  made  and  how  graphiceLLly  they 
are  r^roduced  in  the  topology  of  the  schanatic.  lach  and  every  detail 
has  been  accounted  for,  and  the  interpl^  of  the  various  effects  may 
be  txckoed  through  the  schanatic. 

Even  within  the  crystal,  and  it  is  this  key  feature  that  makes 
the  equivalent  network  ^d.so  an  einalog,  the  values  of  the  physical  variables 
may  be  ascertained  from  the  circuit,  without  returning  to  the  elastic 
equations.  All  of  the  contents  of  the  equations  with  v^ich  we  started 
have  been  built  into  the  circuit  representation,  that  exactly,  anu  truly, 
mirrors  the  physical  situation,  including  its  distributed  natiure. 
d.  The  Cooplete  Iianittanoe  Matrices. 

1.  In  Chapter  III  we  obtained  the  inpedance  matrix  for  the  TinM 
plate  vibrator  in  the  system  of  normal  coordinates.  In  Chapter  IV  the 
admittance  matrix  for  the  lE'lM  plate  was  derived,  cilso  in  normal 
coordinates . For  Doth  cases,  we  now  obtain  from  these  matrices 
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the  oaqpiete  iinnittanoe  matrix  with  the  mediaiiical  ports  referred  to 
the  laboratory  coordinate  system.  'Iliese  matrices  describe  the  behavior 
of  the  TfcaM  and  LLTM  plates  under  cLLl  drcnnstanoes  of  electrical  or 
mechanical  forcing  or  loading. 

Because  we  treated  the  two  canonical  problems  sepcurately,  it  has 
not  been  necessary  to  provide  distinctive  notation,  and  so  only  the 
symbols  z°  and  y"  were  used,  without  special  subscripts.  We  shall  treat 
both  together  here,  but  the  TL*1M  plate  will  always  be  describee  in  iitpedanoe 
terms,  and  the  L£1M  in  acini ttance  terms,  so  that  no  confusion  should 
arise. 

Using  (5.1) , (5.3)  and  (5.4) , we  have 


vj  - [ l‘  i m'  j V7"  . (5.13) 

CO  c 

If  is  defined  to  be  the  corresponding  matrix  v*\en  L , M and  cune 
replaoea  with  their  unsvperscripted  counterparts , then  we  find  by  means 
of  (5.7)  and  (5.8)  the  matrix  relating  V and  V to  be 


with 


V = B v“  , 


(5.14) 


(5.15) 


llius  B is  a seven-by-seven  eunray,  vdich  we  have  partitioned,  as  shewn, 
into  rows  cind  oolunns  having  three,  three,  and  one  members,  respec;tively . 
When  (5.2)  is  used  with  (5.5)  and  (5.6) , we  have 


I 


■k 


) 


(5.16) 
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and  if  1^  is  defined  to  be  the  corresponding  matrix  vihen  J , K and  1^ 
are  r^laoed  by  their  unsi^rscriptea  oounterpeirts , we  find, by  using 
(5.9)  and  (5.10)  in  exactly  the  same  manner  as  for  V,  that 

X = B I*,  (5.17) 

where  H is  again  given  in  (5.15) . 

Now  that  all  our  quantities  are  defined,  the  actual  (^rations 
involvea  in  arriving  at  the  overall  iinnittanoes  are  eeisily  perfoimed. 
kvhat  we  oesire  is  a relationship  between  the  untransformed  voltages 
aiKi  currents, i. e. , we  we  wish  to  find,  for  the  TETM  case,  the  matrix 
z in  the  relation 


V/  = z r 

We  already  have  z*  in  the  relation 


(5.18) 


(5.19) 


V = Z I , 

which  was  obtained  in  III  C.  First  we  recognize  that,  because  ^ is 

orthogonal,  b is  also  orthogonal  (219) . Ihen  the  following  steps  follcw 

at  onoe 


\/  = B V j (5.14) 

« o 

= B z r 1 (5.20) 

= B z ( B^.x)  , (5.21) 

= Z I , (5.22) 

where 

Z = B , (5.23) 

0-1 

= 6 2 6 . 


(5.24) 


It  will  be  seen,  because  (5.14)  and  (5.17)  are  the  same  relations  with 
one  variable  written  for  the  other,  that  an  identiccii  series  of  opera- 
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Ihe  z matrix  in  Section  III  C.  shows  us  that 


(5.28) 


(5.29) 


Furthennore  z is  synmetric,  so  we  have  only  to  determine  the  elements 
Z| , Zj,  z^  ana  z^  , sinoe,  because  of  the  form  of  B,  if  -l  is  symmetric, 
z is  also  synmetric;  furthermore,  z,  will  equal  z^  and  z^  will  equal 
z g . By  applying  the  relation,  (5.27)  , we  get 


(5.30) 


Hence  we  obtain  for  the  elements  (Z|)nn,  of  the  three -by -three  matrix 
Z|  , the  following 


, ('f)  (•♦) 

'-ha 

f’=i  j c?p 


(5.31) 


In  like  fashion,  the  other  qucintities  to  be  detemined  are 


d-  Ajco  CJ 


(5.32) 


f=l  J ^^0 


(5.33) 


^ ('t) 

^ An,  Co 


(5.34) 


L 


which  odipletes  the  detemdnation  of  all  elements  of  the  TtIM  overall 
iiipeoance  matrix. 

For  the  determination  of  the  oorrespcnding  quantities  in  the  LEiM 

case,  we  can  start  from  (5.27)  with  the  substitution  of  y for  z,  y for 
o 

2 . Ihe  cafferenoe  oomes  in  when  the  elements  for  the  various  sub- 

o 

matrices  are  obtainea  from  the  y matrix,  given  in  Section  IV  C.  Onoe 
this  is  cxine,  ana  the  manipulations  carried  out,  we  fina 
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ana 


(3i) 


(^3) 


( = Z ’ h 
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'f=l 


J 


(5.35) 


3 

f=i  J /z) 

% ' ,5.37, 


3 ^ ^f)  (t)  Cf9 

which  oonpletes  tne  determination  of  all  elanents  of  the  UiTM  overall 
adnittanoe  matrix. 

We  have  now  oonpletea  our  treatment  of  single  crystal  plate.  In 
this  chapter  the  necesscuy  circuitry  was  added  to  the  networ)cs  already 
derivea  to  proviae  a oonplete  and  exact  analog  characterization  of  both  a 
llilM-  cina  oriven  crystal  layer,  for  oorpletely  arbitrary 

mechanical  and  electriccil  boundary  conditions. 
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t^ressions  were  ctotairied,  for  both  canonic  forns  of  excitation, 
for  the  overall  iiraiittance  matrix  elements,  describing  the  behavior 
of  the  pfysical  system  and  of  the  anctlogous  networks. 


Vi.  Multilayer  Stacks  of  Plates 

Tne  results  we  obtained  for  one  plate  will  now  oe  qeneralizeu  to 
encompass  a oescription  of  tne  uenavior  of  a stackec  asseinbly  of 
plates.  It  will  ue  jxDssible  to  cnaracterize  stacks  witnout  imnosir^ 
any  restrictions  upon  tne  nuitiDer  of  layers,  tneir  relative  tiiicknesses , 
type  of  crystal  from  layer  to  layer,  or  orientation  of  one  with 
respect  to  the  other.  The  general  result  is  arriveu  at  frctn  a con- 
sideration of  a stack  of  the  sinplest  kina,  oonsistim  of  only  two 
strata.  After  me  general  result  is  established,  we  look  at  a nuttier 
of  special  cases  of  interfacial  contact  and  give  their  equivalent 
network  representations.  A section  is  cevotea  to  general  impedance 
pounoary  oonuitions,  after  which  tne  chapter  ooncluues  with  a section 
devoted  to  tne  prooiert  of  single-eixieo  ana  distributed  sources  of 
piezoelectric  excitation. 

A.  Tne  ‘iwo-uayer  Stack. 

1.  we  seek  to  categorize  a simple  stack  consisting  of  only  two 
layers  of  arbitrary  thickness.  Fran  our  discussion  it  will  aorjear 
tnat,  once  tnis  nas  been  done,  tiie  result  nay  be  extended,  witnout 
furtiier  difficulty,  to  a stack  oonsisting  of  an  arbitrary'  number 
of  strata. 

In  tiie  multi -plate  configuration,  we  make  Uae  same  restriction 
as  formerly  in  tliat  no  lateral  variations  are  permitted.  Tnis  means 
a liioitatiun  to  unbounded  plates  for  which  our  networks  describe  a 
section  of  area  A. 


Unbounded  plates  may  seem  to  be  an  idealization  wholly  divorced 


fran  practicality,  but  as  may  be  seen  in  (72) , a lateral  extent  less 
than  one  hundred  thicknesses  may  be  considered,  for  many  purposes,  to 
be  unbouiioed;  when  plates  are  stacked,  the  presence  of  the  layerii^ 
acts  additionally  to  suppress  the  effects  of  the  lateral  boundaries 
(a4) . 'iiiis  assumption,  then,  is  not  unrealistic,  but  is  actually 
approached  readily  in  practice. 

before  going  on  to  the  two- layer  stack  proper,  we  deal  with  one 
other  side  issue,  and  that  pertains  to  the  method  whereby  the  individual 
layers  are  excited.  Our  desire  is  to  make  the  analysis  as  general  as 
possible,  but  to  indicate  ho?  close  to  practicality  are  such  idealiza- 
tions as  we  will  make. 

If  we  permit  ourselves  to  use  the  idealizations  of  perfect  electric 
and  perfect  magnetic  conductors  (198) , then  it  is  possible  to  have 
contiquouslt'lM-  and  li-lM-driven  plates,  or  USlM-driven  plates  without 
ooilinear  electric  fields.  In  tlxis  way  we  achieve  a oorplete  freedon 
in  choosing  how  any  layer  is  to  be  excited,  and  every  layer  can  be 
treated  separately,  as  regards  the  electrical  port. 

This  is  a useful  artifice,  and  we  shall  adopt  it;  but  is  should 
also  be  borne  in  mind  that,  while  a perfect  magnetic  conductor  may  not 
be  realizable,  and  so  one  may  not  physically  be  able  to  force  the 
desired  boundary  conditions  in  this  manner,  these  same  boundary  oon- 
ditions  may  be  closely  approximated  in  practice  by  other  means.  Ebr 
exanple,  a TLTM  plate  may  be  in  juxt^xjsition  to  a I£1M  plate  if  the 
latter  has  "wrap-around"  electrodes  and  is  overlcdd  at  the  interface 
by  a thin  film  of  high  permittivity  dielectric.  This  configuration  may 
be  approximated  by  having  a TinM  plate,  coated  with  perfect  electric 
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ccnouctors  on  the  two  bounding  surfaces,  mate  with  a U.1M  plate  simiicurly 
coated  with  perfect  magnetic  conductors. 

We  may  eniploy  similar  means  to  approximate  two  LKIM  plates  with 
the  lateral  fields  not  oollinear,  ani/or  of  unequal  strength;  the 
oomnon  boundcury  would  be  idealized  by  a perfect  magnetic  conductor 
at  the  interface. 

The  idealizatiois  we  have  described  are,  therefore,  not  without 
practical  counterpart,  so  we  enploy  them  without  a real  sacrifice 
in  the  applicability  of  our  results. 

2.  Let  us  now  oonsider  two  plates  joined  together  at  the  oonmon 
surface.  Ihe  mechanical  boundary  conditions  to  be  satisfied  are, 
in  general,  the  continuity  of  the  three  stress  and  three  displacement 
(or  velocity)  oorponents.  Ihis  is  simply  achieved  in  our  analog  net- 
woric  of  Fig.  24,  or  the  corresponding  LLTLM  network,  by  a direct  con- 
nection of  the  three  ports  (1) , (2) , & (3)  of  the  top  plate  to  the 
ports  (4) , (5)  ana  (6)  of  the  bottem  plate.  We  represent  each  plate 
Oy  the  analog  in  Fig.  24,  or  the  oorrespondiivg  1£IM  analog,  adoing 
suitable  idaitifications  to  the  quantities  ^^pearing  thereon  to  distin- 
guish between  the  two  plates. 

This  connection  presupposes  that  in  the  physical  problem  the 
two  crystal  plates  have  been  referred  to  the  same  coordinate  system, 
of  course.  In  our  treatments  of  a single  plate  of  the  LfMM  variety 
we  have  chosen  the  electric  field  always  to  be  in  the  x ^ airection. 

This  choice  aoes  not  result  in  any  loss  of  generality  in  the  two 
layer  case,  but  a certain  caution  must  be  exercised,  as  discussed  belcw. 
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When  both  crystals  have  been  referred  to  the  same  coordinate  system, 
the  connection  of  three  mechanical  ports  of  each,  as  detaileo  above, 
oonpletes  this  aspect  of  the  problan  of  joining  two  plates. 

When  the  crystcils  have  been  referrea  to  different  x ^ 
coordinates,  as,  for  exanple,  when  two  plates  are  to  be  joined 
with  the  latercLL  driving  fields  rot  parallel  but  with  each  field 
defining  the  x j axis  in  its  cwn  crystal,  then  an  additional  step 
must  be  taken.  In  this  case  we  take  one  system  (say  the  coordinates 
of  the  bottom  crystal)  as  the  reference,  laboratory,  frame.  We  then 
convert  the  mechanical  ocmponents  at  each  surface  of  the  U|:per  plate 
into  the  laboratory  coordinate  frame  by  means  of  a network  of  the 
form  of  Fig.  23,  placed  at  each  of  the  two  sets  of  raechaniccLL  ports. 
As  the  Xj  axis  has  always  been  assxamed  the  thickness  coordinate, 
this  ocnponent  does  not  have  bo  be  transformed,  and  the  network  at 
each  surface  of  the  ipper  crystal  degenerates  into  a direct  feed- 
through for  the  longitudinal  ocmponents  of  stress  ano  displacement, 
plus  a four-port  interconnection.  The  turns  ratios  of  this  trans- 
former four-port  cure  given  by  the  matrix  specifying  a two-dimensional 
rotation  of  axes.  In  any  event,  this  additional  network  in  the 
form  of  the  circuit  of  Fig.  23,  can  be  ocmbined  with  the  original 
into  a network  again  of  the  same  form,  but  with  transformed  turns 
ratios,  given  by  the  matrix  product  of  the  two  transformations. 

Notice  that  we  do  not  have  to  transform  any  other  part  of  the 


network  representing  the  upper  layer;  these  retain  the  values  the/ 
have,  referred  to  the  coordinates  of  that  layer.  Ihis  means,  also, 
that  we  retain  for  our  definition  of  the  electrical  port  of  this 
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if}per  stratun,  an  association  with  the  lateral  area,  , whose  normal 
then  makes  an  angle  with  respect  to  the  laboratory  frame. 

The  foregoing  considerations  resolve  the  problem  of  lateral 
fields  at  an  angle  to  the  laboratory  Xj  axis,  and  preserve  the  generality 
of  our  results  without  having  to  go  back  and  reconsider  the  unM 
case  for  the  s\;perposition  of  two  fields,  one  along  Xj  and  the  other 
along  x^  . 

3.  Connecting  ports  (1) , (2) , (3)  of  the  i^aper  plate  to  ports 
(4) , (5) , (b) , respectively,  of  the  lower  plate,  ccrpletely  satisfies 
the  mechanical  boundcury  conditions  at  the  interface  of  oontact^for 
the  connection  guarantees  that  the  three  stress  ocmponents,  referred 
to  the  same  coordinate  system,  and  the  corresponding  displacement 
(or  velocity)  ocmponents,  cu?e  continuous.  Ihe  only  other  oondition 
to  be  satisfied  relates  to  the  electric  field.  As  described  above, 
use  of  perfect  electric  and  magnetic  conductors,  as  required  for 
the  pcurtacular  type  of  excitation  desired,  allows  the  electrical 
port  (port  7)  of  each  layer,  to  be  considered  s^jarately  of  any  neigh- 
boring layer.  In  practice,  this  means  that  the  electrical  connections 
for  each  layer  in  the  stack  would  be  established,  in  general,  by 
separate  metallic  tabs  brought  out  to  the  edge  of  the  stack,  so  that 
each  electrode  is  externally  available  for  whatever  interconnections 
there  are  to  be  made. 

Let  us  consider  a nutber  of  types  of  connections  that  would  be 
expected  to  cxxnir  frequently  in  practice.  One  of  the  sinplest  types 
consists  of  a two-layer  stack  driven  in  H,TM  by  a single  pair  of 
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electzxxies  on  the  outer  surfaces  of  each  plate.  Here  the  displacenient 
oonponent  has  a ocximon  veilue  in  both  plates;  any  electric  conciuctor 
present  at  the  ccninon  interface  may  be  ranoved.  Another  simple 
two- layer  oonfigvuration  again  consists  of  TLTM  plates,  but  operated  as 
an  electrical  two-port,  with  one  layer  being  the  input  and  the  other  the 
output,  or  else  one  port  consisting  of  the  electrode  oonnec:tions , 
and  botton,  of  one  plate,  and  the  other  port  taken  as  the  upper  and 
lower  elecrtrodes  of  the  stack.  In  this  situation  the  stack  requires 
three  electrodes,  the  one  at  the  interface  of  the  two  layers  actUcLLly 
consists  of  one  electrode  from  each  plate  united  at  the  boundary.  Ifiis 
internal  electrocie  takes  part  in  the  driving  schane  and  cannot  be 
removed  as  in  the  first  case. 

At  the  join  of  two  plates,  at  least  one  of  vrfiich  is  l£IM-driven, 
a thin  dielectric  layer  would  be  required  practically,  and  flanking 
this,  two  metallic  electrodes  would  be  brought  out  frcm  what  would  be 
considered  a single  interface  (neglecting  the  influence  of  the  dielectric 
layer) . 

All  of  these  cases  may  be  similarly  understood  with  respect  to  the 
equivalent  network  of  Fig.  24  for  the  Ti:3M  plate,  ana  the  corresponding 
1£3M  circuit.  With  reference  to  Fig.  24,  the  »4Jper  terminal  in  port  (7) 
represents  the  electrode  on  the  upper  surface  of  the  stratvin,  and 
carries  the  total  electric  current  to  the  crystal.  A portion  of  this  is 
displacement  current  which  flows  through  Co,  \^ile  the  remainder  flows 
through  the  interconnecticns  joining  the  upper  and  lower  sets  of  piezo- 
transformers  in  parcLllel.  The  total  electric  current  then  flows  to  the 
lower  terminal  of  port  (7)  whence  it  leaves  the  crystal.  The  current 
flowing  through  the  two  interconnecticns  is  the  piezoelectric  pol£u:iza- 


tion  current;  the  proportions  flowing  in  the  two  interoonnectijig  wires 
will  not  be  equal,  in  general,  unless  the  strvicture  is  syimetriceilly 
loadeo. 


If  two  TLTM  plates  are  joined,  the  union  is  accounted  for  electri- 
cally, in  the  circuit  schematic,  sinply  by  connecting  the  upper  terminal 
of  port  (7)  of  the  lower  plate  to  the  lower  terminal  of  port  (7)  of  the 
upper  plate.  'Ihe  node  at  vhich  the  connection  is  made  may  be  left 
accessible  for  the  external  connection  of  sources  or  loads  if  uesired, 
or  it  may  be  suppressed,  as  would  be  the  case  of  an  interface  without 
an  electrode. 

Similar  considerations  apply  to  a two- layer  configuration  consisting 
of  two  LEIM  layers,  or  a stack  consisting  of  one  'itlM  and  <Xie  LLIM 
layer.  In  all  cases,  the  electrical  oonnections  are  made  via  the  two 
terminals  oorprising  port  (7)  for  each  layer  in  a manner  vhich  exactly 
corresponds  to  the  physical  situation. 

Fran  our  discussions  of  two- layer  stack  we  may  conclude  that  the 
operations  to  be  carried  out  on  the  two  networks,  one  representing 
each  layer,  in  order  to  characterize  the  process  of  joining  the  two 
plates,  consist  of  a)  joining  together  the  three  mechanical  ports  and 
b.)  connecting  the  electrical  terminals  of  port  (7) , in  each  network,  as 
calleo  for  by  the  statement  of  the  physical  problem,  by  the  nature 
of  the  steps  taken  to  form  the  oonposite  analog  network  frcm  the 
networks  of  the  two  caiponent  layers,  it  is  clear  that  the  builoing-ip 
of  a genercil  'K  - layer  stack  simply  amounts  to  a repetition  of  these 
same  steps  for  each  layer  added.  Ihe  network  of  each  stratun  is 
the  ocoplete  analog  of  that  stratum,  and  at  each  cycle  of  the  build-up 
the  boundauy  conditions  cai  all  layers  are  accounted  for,  so  a casc:acie 
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of  sucli  single- layer  analog  networks  yields  a oonposite  netvrork  which 
remains  a true,  ana  exact  analog  of  the  ocnplete  r.  - layered  structure. 

bxanples  of  multilayer  stacks  have  been  discussed  in  the  literature, 
(73-86) , already  cited.  Cacty  (220)  treats  the  subject  of  a ocnposite 
resonator,  but  his  aricLLysis,  as  in  cilmost  all  of  the  others,  is  limited 
to  a sinale  moae-tyoe;  the  necessity  of  keening  track  of  all  the 
equations  in  even  this  relatively  simple  ccise  rather  obscures  the 
physical  picture.  By  means  of  the  building-block  approach  applied  to 
our  schematic  analogs,  we  retain  the  content  of  the  mathematics,  and 
gain  a method  of  oescription  which  lends  itself  to  physical  insight. 

Ihe  paper  by  Sittig  (80)  treats  ItTM-driven  transducers  for  delay 
line  applications.  He  shows  various  types  of  elec:trical  connecrtions 
between  the  different  plates:  series,  pareillel,  and  grouped  series- 

parcillel  ccrobinations , cill  of  which  may  be  used  with  our  networks. 

As  we  are  able  to  accommociate  all  three  modes  in  our  description,  the 
way  is  new  open  to  expetnd  the  capabilities  of  such  stached  devices  by 
making  use  of  the  interplay  between  the  various  modes  that  is  made  so 
evident  by  the  circ:uit  description.  One  such  applicatic«  is  to  the 
ctxiing  of  informaticn  (82) ; another  relates  to  filtering.  In  this 
latter  category,  a stack  of  crystal  plates  wherein  two  or  three  of  the 
modes  in  each  layer  cue  used  could  result  in  an  integrated  crystal 
filter  having  an  excellent  sha^  fachor  cxxihined  with  small  size,  and 
increased  ruggedness  due  to  its  monolithic  ocnpositicn. 

B.  Specd-alizations  of  the  Mechanical  Interfacial  Network. 

In  Sechicn  A.  it  was  shown  that  the  elechrical  port  of  each  layer 
could  be  treated  separately  fron  the  mechanical  ports  ihen  two  layers 
were  brought  together  to  form  a sinple  stack.  Ihe  contiguous  mechanical 
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ports  had,  howeMer,  to  be  connecteu  at  the  interface  to  satisfy  the 
iDechaniccd  boundary  conditions. 

We  wish,  in  this  section,  to  look  at  a single  interface,  in 
network  tems,  ana  to  see  what  sinplifications  acne  about  in  certain 
limiting  cases,  that  are,  very  often,  inportant  practiceilly.  Because 
of  the  indepenuence  of  the  electrical  port,  and  the  oarticular  way 
the  piezoelectric  transformers  are  attached  to  the  rest  of  the  circuitry, 
as  seen,  for  exanple,  in  Fig.  24,  we  may  acccmplish  our  objectives  in 
this  section  with  the  greatest  clarity  by  removing  the  piezoelectric 
coupling  fron  our  considerations.  Ihis  is  done  with  the  understanding 
that  our  results  in  no  way  inply  this  restriction,  and  with  the  reeiliza- 
tion  that  we  may  reintroduce  the  piezo-drive  into  such  schematics 
as  with  which  we  will  now  deal,  simply  by  placing  a piezo-transformer 
secondary  in  series  with  each  transmission-line  end.  With  this  under- 
stanaing,  we  may  focus  our  attention  solely  uoon  the  mechanical  inter- 
face portion  of  the  overall  network. 

1.  Figure  24  gives  the  network  for  a single  plate.  When  two 
plates  are  juxtaposed,  continuity  of  the  stress  and  disolacement 
corpcnents,  for  rigia  (welded)  contact,  requires  the  mechanical  inter- 
facial networks  of  both  plates  to  be  connected  as  we  have  described 
in  section  A.  Ihis  connection  is  given  in  Fia.  25.  A drxnilatinq 
current  flows  in  each  of  the  three  loops  formed  by  the  back-to-back 
attach^ment  of  the  primaries  of  the  six  ports.  These  currents  are 
equal  to  the  actual  particle  \«locity  ccmponents  . As  these  six 
ports  became  inaccessible  after  the  plates  are  joined,  the  three 
loops  may  be  suppressed,  and  the  interconnections  of  the  six  transmission 
lines  incident  upon  the  boundary  may  be  exactly  represented  by  the 


f 


CRYSTAL  MEDIUM  | MECHANICAL  CRYSTAL  MEDIUM 

ONE  , INTERFACIAL  NETWORK  I TWO 


148 


I 


I 


FIG.  25  EXACT  ANALOG  REPRESENTATION  OF  MECHANICAL  INTERFACIAL 
COUPLING  BETWEEN  TWO  CRYSTALS  HAVING  ARBITRARY 
ANISOTROPY.  PLANE  WAVE  PROPAGATION  NORMAL  TO  BOUNDARY. 
PIEZOELECTRIC  DRIVE  OMITTED  FOR  CLARITY. 
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diagram  shown  in  Fig.  26. 

Figure  26  represents  the  most  involved  situation  that  may  occur. 
Even  with  the  piezoelectric  drive  circuitry  omitted  for  simplicity,  the 
mechanical  conditions  require  eighteen  windings  to  account  for  the 
intricacies  of  the  coupling.  One  sees  that  the  network  structure  is 
ocnpletely  synmetrical , and  that  in  this  general  case  each  transmission 
line  is  coupled  to  every  other,  so  that  a disturbance  propagating  down 
one  line  toward  the  interface  will  produce,  in  addition  to  a reflected 
wave  in  that  same  line,  outgoing  waves  in  each  of  the  other  five  lines. 
Ihe  ratios  of  the  amplitudes  will  be  governed  by  the  transformer  turns 
ratios,  whicn  are  the  components  of  the  modal  matrix,  in  each  layer, 
referred  to  the  same  laboratory  coordinate  system. 

Price  i«  Huntington  (86)  refer  to  the  mechanical  ooipling  which 

takes  place  in  crystals  at  an  interface,  at  rcrmal  incidence,  and  treat 

the  case  where  two  mooes  from  each  medium  are  so  oouDied.  We  shall  give 

S 

a network  later  which  showj<  their  case  schematically,  as  well  as  a 
nunber  of  other  limiting  forms  of  interest. 

2.  Ihe  network  representiro  welded^  (rigid)  , contact,  has  been 
given  in  Fig.  26.  It  obeys  the  boundary  oonditicns  requiring  'i'jj  and  uj 
to  be  continuous  at  the  interface.  If  we  require  that  only  and  u, 
oe  oontinuous,  and  make  T 3,  & Tjjl  vanish  at  the  junction,  with  u,  & u^ 
allowed  to  develop  freely,  this  oorrespcnds  to  transverse , or  lateral, 
slip  (221)  . 'Ihe  diagram  of  Fig.  26  is  modified  in  this  instance  bv 
first  going  back  to  Fig.  25  and  shorting  the  two  primary  looos  across 
which  are  oeveloped  the  voltages  ATj^  & ^31,  • loing  this  lias  the  effect 
of  shorting  the  secondaries  on  both  sides,  so  those  twelve  windings  are 
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FIG. 26  EXACT  REPRESENTATION  OF  MECHANICAL 

COUPLING  AT  THE  INTERFACE  OF  TWO  ARBITRARILY 
ANISOTROPIC  MEDIA.  PLANE  ACOUSTIC  WAVE 
PROPAGATION  NORMAL  TO  BOUNDARY.  PIEZOELECTRIC 
DRIVE  TRANSFORMERS  OMITTED  FOR  CLARITY. 
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replaced  by  short  circuits.  After  a slight  redrawina,  the  result  for 
transverse  slip  is  shown  in  Fig.  27.  One  sees  that  the  six  transmission 
lines  are  still  ooipled  to  one  another,  although  the  oouoling  circuitry 
assunes  a siitpler  form,  with  only  the  oonnection  between  ports  (3)  ana 
(fa)  ranciining. 

'iV)o  sub-categories  of  lateral,  or  transverse,  slip  of  interest 
are  the  solid-fluid  interface,  and  the  interface  between  two  fluids. 

We  shall  give  both  network  descriptions.  The  solid-fluia  interface  is 
inportant  because  transducers  are  often  used  to  operate  into  fluids,  as 
in  sonar,  ultrasonic  cleaning  and  level  monitoring  apparatus.  It  also 
aescribes  a loss  mechanism  which  occurs  when  resonators  are  operated 
in  inperfectly  evacuated  enclosures.  A fluid  is  distinauished  from  a 
solia,  for  our  purposes,  by  the  fact  that  it  cannot  supoort  shear 
stresses,  (nor  can  it  be  piezoelectric) ; only  oonpressional  waves  are 
allowea.  Therefore  the  fluid  is  represented  by  one  transmission  line 
only,  while  the  solia  retains  the  three  lines  interconnectea  as  shown 
in  either  half  of  Fig.  27.  The  result,  for  the  solid-fluid  configura- 
tion is  given  as  Fig.  28.  If  the  aensity  of  the  fluid  tenus  toward 
zero,  so  will  the  characteristic  inpedanoe  of  the  transmission  line 
that  represents  it,  by  (2.54) ; in  the  limit  of  zero  aensity,  a short 
appears  across  the  priiricury  of  the  trcinsformer  in  Fig.  28,  uncoupling 
the  three  tranaiussion  lines  of  t)ie  solid,  each  of  which  beoones 
shortea.  This  limit  corresponds  to  the  solid-vacuviti  interface.  For 
the  fluid-fluid  interface,  a single  transmission  line  on  each  side 
suffices;  the  treuisformer  consists  of  only  a two-winuina  unit  with  one- 
to-one  turns  ratios,  so  it  can  oe  replaced  by  a direct  connecticn,  as 
has  been  uone  in  Fig.  29,  (cf.  (118)). 


TRANSVERSE  SLIP 


FIG.  28  EXACT  ANALOG  REPRESENTATION  OF  MECHANICAL 
INTERFACIAL  COUPLING  AT  A SOLID -FLUID 
BOUNDARY. 


OF  THE  INTERFACE  BETWEEN  TWO 
FLUIDS. 
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3.  Qoundciry  conditions  requiring  T33  to  vanish,  and  the  oontinuity 

of  the  oonponents  Tj,  , u,  and  unload  to  the  ocnpressional  slip 

interface  (221) . "Ihis  is  a genercilization  of  the  locally  reactix»g 
surface  condition  of  drekhovskikh  (222) . Here  the  vanishing  of  the  T,, 
stress  ocnponent  shorts  the  interoonnectiois  between  ports  (3)  and  (6) , 
but  two  interconnections  renain.  Figxire  30  gives  a schematic  of  the 
boundary  representation,  that  follows  frcm  Fig.  2b  in  the  same  way 
that  the  circuit  of  Fig.  27  was  derived. 

4.  A different  variety  of  boundary  condition  is  that  of  blockage 

(221)  , where  one  or  more  ocrponents  of  displaoanent  is /cure  zero.  We 
give  in  Fig.  31  the  equivalent  circuit  for  transverse  or  lateral 
blockage,  vdiere  T^^and  u^  are  continuous,  vdiile  u^  and  u^^  are  zero. 
longitudinal  blockage,  requiring  continuity  of  Tj,  , , u,  and  Uj^  , 

and  the  vanishing  of  Uj  , is  represented  in  Fig.  32. 

When  all  displacements  are  forced  to  be  zero,  then  it  follows  from 
(5.9)  and  (5.10)  that,  since  J and  K vanish,  so  do  J**  and  K.*  Hence, 
all  si>;  transmission  lines  incident  vpon  the  interface  are  cpen  cir- 
cuited. They  are  mechanically  uncoupled,  and,  because  of  the  open 
circuits,  cannot  be  driven  piezcjelectrically : the  crystals  are  ccn^sle- 
tely  clanped,  and  can  only  pe  excited  by  an  intemcilly  applied  mechani- 
cal force,  which  would  ^}pear  as  a voltage  source  on  the  transmission 
lines. 

5.  Ihe  foregoing  situations  arise  from  the  particular  bouncaary 
cxanoitions  stipulated  at  the  interface  between  the  media  that  are 
goined.  other  peu:ticularizations  of  the  general  network  of  Fig.  26 
come  about  because  of  the  form  taJcen  by  the  modal  matrix  ^ in  each 
mediun.  We  take  two  cases  to  exemplify  this.  The  first  shown  in  Fig.  33, 
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FIG.  32.  EXACT  ANALOG  REPRESENTATION  OF  MECHANICAL  INTERFACIAL 
COUPLING  BETWEEN  TWO  CRYSTALS  HAVING  ARBITRARY 
ANISOTROPY,  FOR  CONDITIONS  OF  LONGITUDINAL  BLOCKAGE. 


CUT  QUARTZ  I INTERFACE  NETWORK  , ADP  CRYSTAL 


EXACT  ANALOG  REPRESENTATION  OF  INTERFACIAL 
COUPLING.  WELDED  CONTACT  BETWEEN  X-CUT  QUARTZ 
AND  ROTATED  X-CUT  ADP  CRYSTALS. 
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portrays  the  experimental  conditions  of  Price  & Huntington  (86) . 

An  x-cut  quartz  crystal,  (clciss  32) , is  in  welded  contact  with  a 

zotatea  x-  or  y-  cut  crystal  of  ADP,  (class  42m) , so  the  aopropriate 

mechanical  ports  are  joined  as  shown.  Ihe  quartz  plate  is  TElM-driven. 

Its  piezoelectric  constcuits  are  such  that  only  the  mode  indicated  can 

be  excited;  the  piezo- transformer  is  located  in  series  witii  the 

mechaniced  winding  as  marked.  Ihe  driven  node  turns  out  to  be  a 

displaoanent 

pure  mode  alcng  x^  , i.e.,  the  eigenvector  describing  the  particle  / 
for  this  mode  is  cilong  the  Xj  axis,  which  is  the  thickness  direction, 
because  of  this  pure  mooe,  the  turns  ratio  at  port  (6)  is  unity,  and 
no  coupling  to  the  two  other  nodal  transmission  lines  is  present.  A 
similar  situation  occurs  in  the  rotated  ADP  crystal,  except  the  pure 
node  is  a shear,  and  not  an  extensional  node. 

'Xhe  resulting  network  is  therefore  simplified  not  because  of  the 
bovnoary  conditions,  but  because  of  the  plane  wave  ei^i^vectors  in  each 
material.  Despite  the  simplifications,  all  nodes  remain  coupled,  and 
the  precise  paths  of  the  coupling  mechanisns  are  clearly  traced  in 
our  network  schematization.  In  reference  (86)  is  is  further  shown 


that  the  ootpling  between  ports  (4)  and  (5)  is  snail,  and  can  be 
neglected  for  their  purposes,  so  that  the  representation  is  fvirther 
simplified  to  a consideration  of  ooipling  taking  place  only  at  ports 

(0 

(2) , (3)  , (5)  and  (6) . We  arrive  at  their  final  result  by  setring  ySa, 

equal  to  zero.  Ihis  makes  equal  to  unity,  because  of  the  nomali  “ 

f^) 

zation  of  the  eigenvectors,  frcm  (2.26)  ; this  in  turn  requires  to 
0) 

oe  zero  and  to  be  unity  for  the  sane  reason.  The  network  shows 
the  situation  which  results  in  a very  clecu:  manner.  Ports  (4)  and 
(1)  can  be  connected  by  a direct  feedthrough,  are  uncoupled  to  any 


other  inodes,  and  undriven.  Port  (5)  is  oonnected,  via  p»rt  (2) , 
to  the  second  and  third  modal  transmission  lines  in  the  second  median, 
and  thence  ooipled  to  the  line  at  port  (6)  , which  supplies  the  piezo- 
drive. 

Ihe  network  form  of  the  problan  sans  up  all  of  the  physics  of 
the  problem  in  a pictorial  representation  wherein  all  of  the  intricacies 
may  be  traced  with  relative  ease. 

'Ihe  secona  case  of  a particularization  of  Fig.  26  we  wish  to 
oescribe  is  given  in  Fig . 34 . Here  is  shown  a welded  contact  between 
a geiteral  triclinic  substance,  to  the  right,  and  a material  having 
monoclinic  synmetry,  on  the  left.  Representing  the  triclinic  crystal 
is  a mechanical  interface  network  in  its  most  general  form,  as  given  in 
either  half  of  the  network  of  Fig.  2b.  Ihe  left  hand  side  of  the 
interface  network  of  Fig.  34  may  be  identified,  for  example,  with  a 
rotated  Y-cut  quartz  plate  (154)  . The  rotaticai  destroys  the  class  32 
syntnetry,  and  makes  the  plate  appeair,  with  resoect  to  coordinate  axes 
rotatea  around  the  original  two- fold  axis,  as  a crystal  in  class  2.  We 
take  our  Xj  along  the  two- fold  axis,  and  x^  , as  usual,  along  the 
plate  thickness.  'Ihen  mode  (1)  is  a pure  shear  mode,  and  is  the  only 
mode  piezoelectrically  driven  in  TEHM. 

If  we  take  the  triclinic  crystal  to  be  cu±)itrary,  then  we  would 
have  to  attach  the  piezoelectric  transformers  to  all  transmission  lines 
on  the  right  side  of  the  figure.  On  the  other  hand,  a rotated  Y-cut 
quartz  crystal  which  has  been  further  rotated  about  the  Xg  (thickress) 
axis  with  respect  to  the  laboratory  frame,  appears  to  be  triclinic 
elastically,  but  only  mode  (1)  may  be  driven  piezoelectrically  in  TbTM. 


FIG. 34  EXACT  ANALOG  REPRESENTATION  OF  MECHANICAL 
INTERFACIAL  COUPLING.  WELDED  CONTACT 
BETWEEN  A TRI  CLINIC  AND  A MONOCLINIC  CRYSTAL. 
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Ihe  neta^rork  of  Fig.  34  thus  represents  the  situation  where  two 
rotated  y-cut  quartz  plates  have  been  joined,  with  the  laboratory  frame 
ooinciding  with  the  xj  set  of  the  left  crystal,  and  the  x , axis  of  the 
right  crystal  at  an  angle  to  the  Xj  axis  of  the  other. 

Such  a two-layer  stack  can  be  usea  as  a filter  element  bv  utilizing 
the  two  electrical  ports  as  input  and  output,  ana  arranging  the  plate 
thicknesses  and  the  orientation  angles  properly.  Ihree  angles  are 
aisposable.  Lach  crystal  has  the  rotational  symbol  {YXZ)G  > the 
angle  9 aescribing  the  rotation  about  the  crystallograohic  X axis, 
liie  values  of  6 may  be  chosen  independently,  ana  also  the  rotation 
angle  about  tne  thickness,  of  the  one  crystal  with  resoect  to  the 
other  may  oe  freely  chosen. 

For  certain  ranges  of  $ the  phase  velocities  of  nxx*Js  (1)  and 
(2)  are  close  bo  each  other  and  four  of  the  transmission  lines  may  be 
employed  in  the  frequency  selection  process.  Ihe  overall  circxiit  for 
such  a filter  elonent  is  shown  in  Fig.  35.  Ihe  mechanical  interface 
network  is  taken  frcm  Fig.  34. 

Aithougn  we  shall  not  illustrate  it,  a simpler  case,  havina 
attractive  practical  possibilities,  is  the  case  of  a purely  longitudinal 
mode  in  each  of  tlie  two  juxtaposed  crystals,  with  the  two  shear  modes 
in  each  coupled  oy  the  boundaries.  In  crystal  classes  6 (class  number 
21)  and  6m2  (class  number  26)  it  can  be  arranged  that  only  one  moaal 
(shear)  transmission  line  in  each  crystal  is  TFlM-driven.  The  degree  of 
coupling  can  be  adjusted  by  a relative  rotation  of  the  plates  about  the 
conmon  thickness  coordinate. 


Practical  designs  stairving  fron  considerations  such  as  these  is  a 
fruitful  area  of  investigation  usina  CAD  techniqxjes.  The  availability 


FIG.  35  EXACT  ANALOG  REPRESENTATION  OF  A TWO-LAYER 

STACK.  ONE  MODE  OF  EACH  LAYER  IS  PIEZOELECTRICALLY 
DRIVEN  IN  TETM. 


of  tiie  circuit  formulation  of  the  {Dhysical  problem  gives  immeciiate 
entree  to  these  techniques  and  is  one  of  the  main  motivations  of  this 
work. 

C.  General  Inmittance  uounoary  Conditions  . 

In  the  last  section,  examples  of  various  interfacial  networks  were 
oescribed  and  discxissed.  'Ihese  circuits  exactly  reoresented  the 
physical  conditions  existing  at  the  surface  of  contact  between  two 
aajaoent  strata. 

We  wish  new  to  change  our  ooint  of  view  sliaiitly,  ana  inv€istigate 
a single  surface  that  is  loaded  with  an  arbitrary  bouncary  ir.imittance . 

Of  course,  this  iinmittance  might  arise  as  the  resiHt  of  juxte^sing 
a stack  at  the  surface  of  interest,  or  it  might  ocme  about  by  placing 
a load  that  is  spatially  lunped,  upon  the  surface.  A thin,  massy, 
electrode  would  oe  an  example  of  the  latter  that  occurs  verv  frequently 
in  practice. 

Our  viewpoint,  then,  is  not  to  regard  the  second  medium  in  any 
fashion  other  tlian  as  it  appears,  at  the  surface  of  interest,  to  present 
to  the  first  medium  a set  of  imrittanoe  boundary  conditions;  that  is, 
it  couples  the  stress  ana  velocity  boundary  conditions  at  ports  (4) , (5) 
ana  (6) • 

1.  i«et  us  consider  the  upper  surface  of  a crystal  plate  as  the 
Dounaary  upon  which  the  inmittanoe  oonditiens  are  to  be  imposea.  'ihis 

o o 

means,  cy  (5.4)  and  (5.6)  , that  we  deal  with  M , K and  M,  K.  lb  fix 
ideas,  we  will  choose  an  inpedance  condition;  the  same  aruument  can 
be  given  on  the  basis  of  admittances.  At  the  ports  (7T)  t where  tT  = 4, 


5 ana  6,  we  posit  the  general  impedance  relaticn 


M = - 5 K . (6.1) 

ihe  minus  sign  comes  about  oecause  of  the  conventions  we  have  aoopted 
for  the  voltages  and  currents,  (see  (5.1)  ana  (5.2)).  Zeta  is  a 
symmetric,  three-by- three  matrix  whose  elements  may  be  complex, 
because  of  the  relations  (5.8)  and  (5.10)  we  can  write 

= (6.2) 

so  that 

m"  = - 5“  k\  (b.3) 

where 

5 ‘i  jS  ^ (6.4) 

® • 

thus  the  inpedanoes  ‘S  seen  at  ports  ( ^ ) are  related  to  the 
inpeoances  'S  by  a similarity  transformation.  In  general,  will 

be  realized  by  some  network,  , that  is  then  attached  to  ports 

( Tr ) , so  the  overall  interface  consists  of  the  mechanical  inter- 
face network  of  Fig.  23,  plus  the  attached  circuit.  The  piezo- 

electric transformers  would,  as  usual,  be  attached  in  their  normal 
locations  also.  Carlin  & Giordano  (218)  shew  that  9 may  be  diagonal- 
izea  by  two  congruence  transformations,  each  of  v^icli  is  realized 
Dy  a circuit  havix>g  the  form  of  that  in  Fig.  23,  so  J^Ct)  is  realizea 
as  two  such  circuits,  in  series.  Ihese  circuits  are  connected,  on 
one  side^to  ports  (tT)  , and  on  the  other  side  to  three  reactances, 
and  three  resistances.  Ihiis  the  general  boundary  network  consists 
of  only  an  interconnection  of  ideal  transformers,  plus  three 
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reactances  and  three  resistances. 

In  many  practical  cases,  v«;here  the  plate  is  a transducer  radiatiiK? 
power,  as  in  sonar  applications,  'S  may  be  almost  purely  real;  in 
other  instances,  for  example,  mass  loadinq  effects  due  to  electrode 
films,  5 is  nearly  purely  reactive.  We  have  seen  how  to  represent 
the  general  case  where  '5  is  complex.  When  is  real  or  imatginary 
only,  then  the  cascade  of  the  two  networks,  J/'C'S)  plus  the  mechanical 
interface  network,  is  the  same  as  a single  network  of  the  same  form  as 
the  mecnanical  interface  network  naving  turns  ratios  given  by  the  matrix 
product  of  the  two  transformations.  Thus  the  overall  circuit  is  siiipli- 
fiea  ana  appears  as  in  Fig.  23,  with  three  lunped  elements  attachexi 
to  the  three  primaries,  and  tne  three  other  ports  attachea  to  tne  modal 
transmission  lines  reoresenting  the  acoustic  waves  in  the  plate. 

We  will  look  at  tne  case  of  lunped  boundary  oonoiticns  arising 
from  mass  loading  tne  surface.  After  we  touch  on  the  general  case  we 
will  find  several  specific  cases  where  (6.4)  leads  to  simolified 
networks . 

If  m is  tne  mass  per  unit  area  placed  at  the  boundary  x^  = +h, 
then  the  ooundary  conditions  are 

^ (6.5) 

or 

M at  X3 

and,  from  (6.1) , the  imoedance  matrix  is 

^ CO  ('yn  A)  ^ ^ (6.7) 

where  _1  is  the  unit  matrix. 

In  this  instance  *5  is  diagonal  and  is  realized  by  three  inductances , 
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each  of  value  mA.  More  generally,  we  can  take  the  bounoary 
oonoitions  as 


T, 


J 


= - a- 

JU  <• 


'Ihe  matrix  is  not  now  diagonal,  but  consists  of  elements 


‘5;;  = aC 


jt 


jt  > 


(6.8) 


(6.9) 


where  X ••  may  be  realized  by  three  inductors  plus  a network  of  the 

<JC 

form  shewn  in  Fig.  23.  This  situation  oorresoonds  to  an  anisotropy  of 
inertia  (223)  . '.Vhen  this  general  'S  is  inserted  into  (6.4)  it  is  seen 
that  the  three  transmission  lines  remain  coupled  at  the  boundary  by 
the  mass  on  the  surface. 

Inserting  (6.7)  into  (6.4),  however,  shows  that  ;f°here  is 
oiaqonal,  so  that  when  the  inertial  effect  is  isotropic,  the  three 
transmission  lines  become  uncoupled  mechanically  from  one  another,  ana 
each  appears  with  an  inductance 


^ = .vru  A (6.10) 

in  series  with  the  piezoelectric  transformers , as  previously  discussed. 
Ihese  piezoelectric  transformers  still  provide  oouolinq  among  the  lines. 

We  note  several  limiting  cases  of  interest.  If,  in  (6.8),  m^  ana 
m^  are  allowea  to  increase  without  bound,  while  nijj  remains  finite,  we 
approach  in  the  limit  the  case  of  transverse  blockage,  while  if  mj3 
becomes  unbounded  ana  m,|  plus  m^^  remain  finite,  the  condition  of 
iongituainal  olockage  appears. 

Also,  as  would  be  expected,  when  m vanishes  we  come  back  to  the 
solia-vacuum  interface  considered  earlier.  In  fact,  reverting  back  now 
to  a oonplete  plate,  rather  than  a single  surface  thereof,  we  gave  exact 
equivalents  in  Figs.  10  and  17,  for  Tl/IM-  and  U-IM-  driven  plates 
that  cure  traction- free.  If  in  these  figures  the  boundary  short-circuits 


are  replacea  with  inductances  of  value  mA,  we  have  exact  representations 
of  the  isotropically  mass- loaded  plate.  This  follows  fran  (6.4) 
which  yields  a diagonal  . 

When  t»th  plate  surfaces  are  coated  with  an  isotropic  mass , but 
the  coatings  are  different  on  the  two  sides,  e.g.,  on  acoount  of  different 
electrode  materials,  and/or  different  electrode  thicknesses,  then  each 
surface  would  be  simply  represented,  mechanically,  by  three  inductors, 
one  attached  to  each  transmission  line  at  that  surface.  The  inductance 
values  for  the  bwo  surfaces  would  however  differ. 

The  foregoing  is  a sinple  example  of  the  manner  in  which  our 
networks  may  be  utilized  to  describe  various  conditions  without  resorting 
to  a new  calculation  every  time  the  circumstances  to  be  acoommodated 
change. 

If  the  circuit  of  Fia.  10  is  redrawn  with  inductors  of  value 
mA  replacing  the  short  circuits  at  the  surfaces,  correspondim  to 
equal  masses  on  uotn  -urtaoes,  mecnanical  syimetry  is  restored,  ano 
the  netwDrk  may  te  oisected.  The  result  follows  immeoiately  fran 
Tig.  11  when  an  inductance  of  value  mA/2  is  placed  in  series  with 
eacn  mooal  transmission  line  at  the  end  that  is  attached  to  the  piezo- 
transformer seoondary.  Using  either  Fig.  10,  or  Fig.  11,  with  the 
inductors  in  place,  the  input  admittance  will  be  seen  to  aaree  exactly 
with  that  given  by  Yamada  & Niizeki  (65)  . 

Mindlin  & Lee  (224)  have  treated  mass  loaded  boundaries  in  connection 
with  the  solution  of  two  dimensional  plate  equations  for  partially 
electrodeo  crystal  plates.  Their  main  results  do  not  ooncem  us  here, 
but  they  give  the  equation  for  the  frequencies  of  the  pure  shear  mode 
in  a rotated  Y-cut  quartz  plate  equally  ooated  on  tlie  two  bounding 
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surfaces  with  massy  electrodes,  omitting,  for  clarity,  the  piezo- 
electric contribution.  One  may  readily  show  that  their  frequenoy 
equation  oorresponos  to  that  of  a transmission  line  of  lemth  equal 
to  h,  one  half  the  plate  thickness,  characteristic  impedance  Zo/2,  and 
wavenvmber  "X.  , that  is  open  circuited  at  one  end  and  loaciea  by  an 
inductance  of  value  mA/2  at  the  other  end.  Instead  of  this  bisected 
version  one  can  arrive  at  the  same  result  oonsiderina  a line  of  length 
2h  terminated  at  each  eivi  by  an  inductance  of  value  mA.  Ihe  presence 
of  the  mass  loading  has  the  effect  of  changing  the  effective  length 
of  the  transmission  line. 

Sijuilar  remarks  hold  for  the  piezoelectric  boundary  loading,  except 
that  the  effect  can  be  made  to  work  either  to  lengthen  or  shorten  the 
effective  transmission  line  length,  depending  upon  whether  ILl'M-  or 
ililM-  plates  are  used.  Ihis  effect  was  incorporated  into  Lawson's 
description  (61)  of  the  "effective  thickness"  of  a piezoelectric  plate. 

2.  'Ihe  foregoing  has  examined  various  boundary  conoiticns  that 
couple  together  the  mechanical  port  variables,  here  we  wish  to  look  at 
the  case  of  a 'I'L'IM  plate  excited  by  electrodes  which  are  not  contiguous 
to  the  plate  surfaces.  Ihis  arises  in  practice  with  the  use  of  air 
gaps.  Pbr  us,  it  will  show  the  changes  brought  about  by  a different 
electrical  boundary  condition. 

We  take  a traction-free,  single  plate  resonator,  as  in  Section  III  A, 
between  electrodes  at  potentials  + % , but  the  electrodes  have  now  a 
total  separation  of  2(h+o)  instead  of  2h.  The  plate  may  be  located  any- 


where in  the  gap,  parallel  to  the  electrodes. 

If  the  total  gap  is  separated  by  the  placement  of  the  plate  into 


two  portions  of  values 

Q|  and 

dj^  , then 

Ihe  boundary  conditions 

- 2 oL 

are 

— ttitajl.  ^ ouj}  . 

(6.11) 

II 

0 

at 

^3  = ± 

(3.1) 

D3  = E. 

; ^ 

yij  = ± Uj 

(6.12) 

II 

1+ 

at 

V3  = C+l»\4-e(|)j  . 

(6.13) 

Ihe  quantity  Eo  is  the  value  of  E 3 in  the  vacuum  region  between  the 
plates.  In  addition  to  the  plate  formulas  we  gave  in  Chapter  111,  we 
have  the  relation  for  the  electric  field 


X^>o  = c + • (6.14) 

Using  (2.20)  with  (6.12)  permits  the  elimination  of  E^  in  favor  of  a^  . 
Ihen,  (J.4)  and  (3.5)  are  usea  in  (2.41),  which,  in  turn  is  put  into 
(6.14)  with  the  result  that  cancels.  As  a result,  ag  is  found 

to  be  the  same  as  (3.6)  but  that  the  factor  of  unity  in  the  denomenator 
is  replaced  by 


( 


1. 


h 6. 


(6.15) 


because  a^  enters  into  the  expression  for  Y^(TE’IM)  , the  replacement,  in 
(3.15) , of  the  factor  of  unity  by  the  gxjantity  (6.15)  gives  the  desirea 


result. 


Ihis  may  be  put  into  precisely  the  same  form  as  the  original  by 
redefining  the  static  c^>acitance  and  oov^Dlinq  ocjefficients  in  (3.15) 
Each  of  these  is  divided  by  (6.15)  to  arrive  at  the  effective  value 
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caused  by  the  presence  of  the  gap.  We  see,  by  tliese  maninu nations , 
that  the  equivalent  circuit  of  Fig.  10  still  realizes  Y.  (TL'IM)  unoer 
these  circunstanoes , out  that  the  values  of  anu  n^  must  be  changed, 
'ihe  change  in  the  turns  ratios  takes  place  because  n^  is  proporticnal 
to  k which  is  altered  by  the  presence  of  the  gap.  These  results 
accord  completely  with  those  of  Yamaoa  & Niizeki  (65)  v»ho  derived  an 
expression  for  the  input  admittance  of  a plate  in  an  air  gap. 

0.  Single-Ended  and  Continuous  Sources  of  irlxcitaticn. 

In  previous  chapters  we  have  cbtained  a network  that 
describes  the  behavior  of  a piezoelectric  crystal  plate  that  is 
unbounded  and  subject  to  a uniform  driving  field,  either  along,  or 
lateral  to,  the  thickness  directioh.  We  have,  in  various  places, 
also  mentioned  the  similarity  our  problons  have  with  the  microwave 
cavity  excitation  of  acoustic  waves  in  a piezoelectric  solid,  vherein 
the  excitation  takes  place  largely  at  a single  end- face  of  the  crystal 
specimen. 


In  this  section  we  will  indicate  how  the  single-ended  excitation 
that  takes  place  in  a crystal  located  in  a microwave  cavity  may  be  repre- 
sented by  a modification  of  our  circuits.  In  so  doing  we  will  give  a 
further  demonstration  of  the  versatility  of  the  ecaiivalent  network  ideas 
presented  here,  and  tie  in  additioneil  resiUts  from  the  cxrrrent  literature. 

i.  uur  previous  networks  have  associated  with  them  electrical  ports 
across  which  a potential  is  placed.  We  arranged  this  in  the  LE'IM  case 


by  taking  a length  elanent  (2£)  in  the  lateral  direction,  and  oon- 
siderea  the  port  (7)  potential  as  this  length  mulitplied  by  the 
applied  lateral  field.  In  the  TLUM  case  the  ootential  arose  in  a 
nore  natural  way,  being  directly  applied  bo  the  drivina  electrodes. 

To  treat  the  case  of  excitation  taking  place  at  a single  end  it 
is  appropriate  to  redefine  the  electrical  port  in  such  a fashion  that 
an  electric  field  appears  in  place  of  potential  as  the  driving  force. 
This  oomes  about  because  potential  difference  is  not  a property  of 
a point,  and  we  desire  to  examine  an  excitation  which  takes  place  at 
a single  surface,  having  no  reference  to  the  distance  that  seoarates 
it  from  the  other  plate  surface. 

Sections  u i C of  this  chaober  dealt  with  a single  surface  in  the 
context  of  mechanical  conditions:  the  oiezoelectric  effect  may  be 
grafted  on  to  those  networks  by  the  orocedure  describee  there.  This 
procedure  involves  an  attachment  of  the  electrical  port,  which  takes 
into  account  noth  plate  surfaces.  In  other  woros,  while  we  concentra- 
ted our  attention  upon  a single  surface,  as  far  as  the  mechanical 
properties  were  concerned,  the  electrical  prooerties  always  involved 
both  surfaces . 

To  recast  our  networks  for  single-enoeo  excitation  the  second 
surface  is  anitted  frem  consideration  by  disregarding  those  features 
that  depend  tpon  it,  such  as  the  electrical  input  circuit  and  the 
interconnections  between  the  piezo  transformer  primaries  running  along 
the  thickness  coordinate.  The  geometry  of  the  cavity  will  determine 
the  capacitances  associated  with  it,  but  we  t£ike  no  notice  of  this 
aspect  of  the  problem,  desiring  bo  relate  the  piezoelectric  excita- 
tion to  the  applied  electric  field  existing  within  the  cavitv. 


a quantity  that  is  determined  by  separate  measuranent  or  calculation. 
We  take  the  driving  field  lateral  to  the  surface  of  the  crystal 
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to  begin  the  discussion.  To  airrive  at  an  equivalent  circuit  we 
simply  notice  that  in  the  LEIM  configuration,  the  apolied  voltage 
(2£e  I ) appeared  directly  across  the  piezo- transformer  primaries,  in 
accord  with  the  fact  that  the  applied  lateral  field  is  continuous 
across  the  interface.  By  virtue  of  the  piezoelectric  effect,  this  led 
to  the  production  of  a mechaniccil  force  across  the  piezo- transformer 
secondaries  of 


E")  A ^ 


(6.16) 


where  we  ha\e  used  (4.32)  and  (4.23).  Referring  to  (2.38),  (2.47), 

O 

(2.48)  and  (4.16),  we  see  that  S/jt  E, is  to  be  associated  with  the 

— O C 

"nonwavy"  portion  of  the  stress  T'3'  , as  was  (J.^  in  the  c:ase  of 

'ilTIM.  Thus  we  write 


%i  - AT.  . 


(6.17) 


Since  we  desire  to  put  the  network  on  the  basis  of  field  strength 
instead  of  voltage,  this  can  be  done  by  choosing  a new  set  of  turns 
ratios,  nj^  , where 


“ A C |3(, 


(6.18) 


this  is  to  be  ccmpared  to  (4.32)  . Now  the  piezoelectric  force  is 
given  oy 


(6.19) 


so  that  the  appearance  of  the  field  strength  E.  at  the  electric:al 
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port  of  our  new  circuit  produces  the  necessary  result  across  the 
piezoelectric  transformer  secondary.  Figure  36  shows  the  equivalent 
network  for  a traction-free  piezoelectric  plate  subjected  to  an 
applied  field  £,  lateral  to  the  surface.  Becaiase  the  tangential 
conponent  of  the  electric  field  is  continuous  across  the  interface, 
the  driving  field  is  of  strength  Ej  both  within  ana  without  the 
crystal.  Short  circuits  at  the  mechanical  ports  indicate  the  traction- 
free  nature  of  the  mechanical  boundary  conditions . 

Having  a representation  for  the  case  of  ari  applied  field  in  the  x, 
direction  inmediately  allows  the  case  of  an  impresstxi  field  in  the  x ^ 
direction  to  be  inferred.  For  this  case  (t>.18)  is  reolacea  bv 


A 5,3.  ^ 


(6.20) 


where  formed  from  (4.18)  by  replacing  all  "1"  subscripts  by  "2". 

Our  preceding  discussions  about  breaking  up  the  total  stress  into  "wavy" 
and  "nonwavy"  portions  supplied  the  answer  to  the  question  of  how  the 
superposition  of  an  x^-  and  an  x^^-  directed  electric  field  is  to  be 
represented,  yuiite  sinply,  both  contributions  are  to  be  placed  in  series 
with  the  mechanical  portion  at  the  end  of  each  transmissicn  line. 

'ihe  problem  we  are  analyzing  fran  the  stanopoint  of  our  networks  has 
been  treated  by  Lamb  & Richter  (225,  226)  . ‘Iheir  results  aue  in  exact 
agreement  with  ours;  they  show  that  the  total  piezoelectrically  induoea 
force  at  the  surface,  uue  to  an  applied  electric  field  having  an 
arbitrary  orientation  can  be  broken  up  into  oarponents  oonsidered  to  be 
driving  each  of  the  three  eigen-modes,  and  for  each  mode,  the  oonponents 
driving  it  arise , in  turn , as  the  sum  of  three  contributions , one  for 
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each  oanponent  of  the  inpressea  fiela.  'Ihe  effective  piezoelectric 

o e 

constants  for  the  two  lateral  fields,  that  we  have  called 
agree  txxnpletely  with  tlieir  formulas. 

l\vo  points  remain;  the  first  is  that  of  the  field  oonponent 
, while  the  second  is  the  case  of  mechanical  bounoary  conditions  other 
than  traction-free  conditions,  'ihis  last  point  is  settled  by  prior 
discussion,  which  leads  us  to  open  tlie  short  circuits  at  the  mechanical 
ports  ana  connect  thereto  a mechanical  interface  network  of  the  form 
in  Fig.  23.  The  other  point,  regarding  an  applied  Eg  field,  oorresponding 
to  the  TLT^l  excitation,  is  oomplicated  by  the  fact  that  tiie  acoustic  mooes 
themselves  generate  an  E3  oorponent,  but  not  lateral  oonponents.  Ihis 
is  the  distinction  between  'lETM  and  LEIM  ana  shows  up  in  the  presence  of 
the  negative  capacitor  in  our  TETM  equivalent  networks. 

Reference  to  any  of  our  LE'lM  networks  will  shew  that  the  full  voltage 
appearing  at  the  electrical  port  appears  also  across  the  piezo- transformer 
primaries.  For  the  TETM  plate,  the  oorresponding  networks  disclose  that 
the  piezo- transformer  primaries  have  impressed  upon  tnan  a voltage  vdiich 
stands  to  the  electrical  port  wlteige  in  tlic  ratio  (TETM) /i  <a  Co. 

Fran  (3.15) , this  ratio  is 


CteTm)  /jeoC^ 


± 


{- 


- z 


(6.21) 


If  n is  allowed  bo  increase,  so  that  6^  become  very  large,  then  it 
will  be  seen  that  the  ratio  in  (6,21)  approaches  unity  almost  everywhere. 
'Ihe  presence  of  the  tangent  function  is  due  to  the  double-ended  excita- 
tion of  the  T’ETM  plate.  Large  enough  values  for  9^  allow,  for  all  intents 
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and  purposes,  the  presence  of  the  negative  capacitor  to  be  neglectea, 
ana  the  ratio  to  be  considered  unity. 

uoing  this  permits  us  to  write  down  the  formula  for  the  effective 
turns  ratios  of  the  piezo-transformers  for  an  inpressed  aLrost  by 
inspection.  We  have  only  to  recognize  that,  because  must  be  con- 
tinuous, the  iiipressea  field  external  to  the  crystal  will  oroduoe 
an  internal  fiela  E j (inside)  of  value 

E3  = E3  Go  / €33  . (6.22) 

Ncm  we  aetermine  the  turns  ratios  nj’  so  that  the  piezoelectric  force 
is  related  to  the  external  field  E3  , since  this  is  vhat  is  known 
experimentally.  'Ihis  relation  has  the  form 


ATj-  - -^3^  E3  - A 633^  Eg  j (6.23) 

so  that,  using  (6.22) 

- A €0  / €33  . 

(6.24) 

This  also  is  in  agreanent  with  the  results  of  hanb  & Richter,  who  make 
the  assumption  that  the  electric  fields  generated  by  the  acoustic  waves 
may  be  neglectea  in  ocmparison  with  impress€?o.  We  may  interoret  these 
results,  arrived  at  from  our  networks,  and  analytically  by  Lamb  & 
Richter,  by  the  complete  equivalent  network  of  Fia.  37.  Here,  all  three 
field  oonponents  yield  piezoelectric  forces  that  are  in  series  in  each 
modal  transmission  line  end,  ana  in  series  with  tlie  mechanical  interface 
network.  'Die  interpretation  of  the  series  connection  of  the  mechanical 
anu  piezoelectric  comtxDnents  follows  from  (2.47) , while  the  breakdown 
of  the  piezoelectric  contributions  follows  at  once  from  the  results  of 
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Lamb  & Richter  for  an  iitpressed  electric  field  at  an  arbitrary  direction 
to  the  crystal  surface. 

Fran  this  vantage  point,  it  is  not  difficult  to  conjecture  the 
network  representing  a plate  equipped  with  an  electrode  currangenent 
that  cLLlows  a uniform  field  to  be  impressed  at  an  angle  to  the  plate. 

Fbr  this  case,  in  vhich  the  excitation  is  neither  lEIM  nor  LEIM,  the 
network  will  look  like  Fig.  37  at  each  end,  but  with  turns  ratios  n^j 
referring  to  potential  rather  than  field  strength,  and  with  the  three 
electrical  ports  attached  to  the  electrical  iiput  circuit  appropriate 
to  that  excitaticn.  Thus,  the  ports  marked  with  E|  and  would 
lead  off  the  input  circuits  consisting  of  shunt  capacitors,  while 
that  marked  Eg  would  attach  to  an  input  circuit  containing  a negative 
capacitor  as  well.  Mutual  c^jacitanoes  between  the  various  electrodes 
would  additionally  have  to  be  connected  between  the  three  electrical 
ports  as  shown  by  Mason  & Sykes  (150)  . Hiis  network  provides  an 
answer  to  Redwood's  question  (99)  ocnoeming  a circuit  representing 
excitation  by  a ocnposite  field. 

2.  The  foregoing  leads  naturcilly  to  a number  of  other  conclusions. 
Svppose  that  a single  crystalline  mediun  is  somehow  divided  into  two 
porticxis  by  a plane  surface  normal  to  , and  across  which  the  impressed 
field  strength  abrtptly  changes  value.  This  is  the  situation  depicted 
by  Fig.  38  for  one  oonponent  of  the  field.  Ihe  network  representation 
follows  fron  Fig.  37,  for  one  crystal  surface,  by  attaching  to  the 
interface  a second  such  network.  If  the  crystcd  so  attached  is  of 
the  sane  materiaLl  and  orientation  as  the  original,  the  mechanical 
interfacial  networks  will  simplify  to  three  direct  feedthroughs,  as  a 
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FIG. 38  PIEZOELECTRIC  NETWORK  REPRESENTATION 
OF  A DISCONTINUITY  IN  EXCITATION. 
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consequeiice  of  (2.26) , and  the  circuit  of  Fig.  38  remains.  Obviously 
the  three  oonponents  of  the  impressed  field  oould  be  represented, 
as  they  are  in  Fig.  37,  but  this  is  not  necessary  for  our  discussion. 
Figxire  38  sha«rs  that  the  net  excitation  at  the  interface  is  obtained, 
for  each  con^xjnent  of  inpressed  field,  and  for  each  modal  transmission 
line,  by  taking  the  difference  between  the  field  strengths  as  the 
effective  source  field  strength.  When  the  fields  are  of  equal  strength, 
no  net  piezo -excitation  is  present. 

Exactly  the  same  considerations  ^ply  to  the  situation  where 
the  inpressed  field  remains  constant  across  the  boundary,  but  v^ere 
the  effective  piezoelectric  constant  changes  abruptly.  This  is  a 
practical  situation  with  regard  to  stacks  of  ceramics,  where  alternate 
layers  are  oppositely  poled,  or  alternate  between  poled  and  unooled. 

The  elastic  behavior,  to  a first  approximation,  is  unchanged,  so  that 
Yo  and  x remain  fixec,  and  the  mechanical  transformers  reduce  to 
feedthroughs. 

The  turns  ratios  of  the  contiguous  transformers  are  negatives  of 
one  another  vhen  oppositely  poled  ceramics  aune  used;  this  changes  the 
cots  on  the  transfcaaners , so  that  the  same  field  inpressed  at  the 
electrical  ports  produces  twice  the  piezoelectric  force  at  the  junctions 
of  the  transmissicxi  lines.  The  same  thing  is,  of  course,  true  of  the 
junction  between  two  plates  made  of  the  same  crysteil  and  having  the 
same  orientation  exo^t  that  one  layer  is  reversed  along  x^.  Reversing 

this  axis  has  the  result  of  changing  the  sign  of  the  pertinent  trans- 

• 0 

formed  piezoelectric  constant  or  G.s3i  t v^ch  is  the  same  as 
changing  the  dot  oonventicn  of  the  piezo- transf ormers . 
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More  general  than  a change  in  the  ijtpressed  electric  field  or  in 
the  piezoelectric  constants  is  a change  in  the  product  of  the  two,  as 
this  prodxict  detemines  the  force  due  to  the  change  (cf.  (2.38)  and 
the  discussion  in  Section  III  E) . Our  Fig.  38  takes  this  into  account, 
in  the  case  of  an  abn^jt  change,  by  making  the  turns  ratios  on  the 
left  different  froro  those  on  the  right,  to  take  care  of  the  chaiiged 
piezoelectric  constants,  and  by  showing  the  different  impressed  fields 
applied  to  the  proper  port.  ' 

Biis  prcblan  is  treated  from  another  point  of  view,  and  for  a 
single  mode,  by  Mitchell  & Redwood  (83,96,97) . Stacks  of  ceramics 
alternating  in  their  poling  direction  occur  in  the  papers  by  Sittig  (80) 
and  Stuetzer  (82) . Aciditional  treatments  of  oistributed  sources  are 
given  by  Holland  (103,104,136)  and  by  Leedon,  et  al.  (98,149). 

Having  given  the  representation  of  Fig.  38  for  an  abrupt  change 
in  the  piezoelectric  excitation,  we  now  indicate  how  the  prcblan  of 
continuous  changes  in  excitation  may  be  approached  fron  our  networks. 

We  do  this  in  the  manner  of  Qnoe  & Okada  (227) , who  applied  the  idea 
of  a cascade  of  incremental  transmission  lines  of  slightly  differir^ 

Yg  and  % to  ancilyze  the  thickness- twist  dispersion  relations  of  a 

crystal  plate  having  a varying  thickness  dimension.  Iheir  single  ‘ 

nodal  transmission  line  segments  must  be  replaced  by  three  in  our  case, 

and  the  piezoelectric  effect  must  be  incorporated  as  we  have  discussed  | 

many  times  above.  In  Fig.  39  we  give  the  desired  result.  Ihe  piezo-  1 

, 

slectric  and  mechanical  interface  networks  have  been  further  reduced 
in  the  sciiematization  to  boxes;  it  is  clear  fron  what  we  have  presented 
in  connection  with  Fig.  24  & 25,  et  seq.,  what  the  boxes  contain.  j 

In  Fig.  39  the  interface  networks  occupy  no  spatial  extent,  whereas  ! 

i 

\ 
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the  transnission  line  segments  are  of  irjcranental  length.  Practically 
speaking,  this  circuit  vrould  be  inplanented  on  a coiputer,  with  the 
physical  problem  modeled  approximately  by  partitioning  it  into  a 
number  of  segments  each  represented  by  a segment  of  the  network  shown. 
Ihe  fineness  of  the  subdivisions  dictates  the  number  of  segnents 
required,  which,  in  turn,  depends  ^30n  the  accuracy  requirea  in  a 
given  practical  instance. 

'Ihis  chapter  has  applied  the  results  of  prior  ch^ters  to  the 
characterization  of  multilayer  stacks  of  plates , arbitrary  in  number 
and  oonposition.  Various  special  forms  of  the  interfacicuL  networks 
were  shewn.  Ihe  piezoelectric  excitation  of  acoustic  waves  at  a sir^le 
surface  was  also  characterized  in  network  form,  as  was  excitation  by 


distributed  sources. 
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VII.  /Vfplication  tx)  Devices  & Computer  Simulation  j 

I 


Rigorous  network  analogs  nave  been  obtainea  for  configurations 
of  stackeu  crystal  plates  excited  piezoelectrically . At  various  places 
in  the  text,  a number  of  applications  of  these  configurations  has  been 
inoicated.  Realization  ana  cptimization  of  practical  oevices  basea 

these  ideas,  however,  can  best  proceea  by  introducing  a step  inter- 
neoiate  between  a circuit  and  the  pliysical  device  it  represents,  'ihis 
step  consists  in  utilizing  the  network  to  simulate  the  ideal  behavior  of 
tiie  device  using  CAD  programs.  In  this  way  changes  can  be  maoe  easily 
witnout  Having  to  resort  to  a breadboard  mooel  eaci^  time  it  is  uesirea 
to  know  the  effect  of  seme  alteration  in  structure  or  composition. 

Dinoe  tne  networks  are  exact,  they  will  faithfully  reflect  the  cenavLor 
of  tlie  devices,  subject  only  to  tiie  mild  restrictions  under  v^idi  they 
were  ueriveu. 

It  is  to  a brief  uanonstration  of  these  ioeas  that  the  present  chapter 
is  devoted,  uere  we  will  consider  two  of  the  simpest  structures  wiaose 
operation  is  based  upon  the  ideas  we  have  presented.  Our  object  is  to 
indicate  new  the  structures  can  be  expected  to  operate,  and  viiat  avenues 
of  future  work  ore  likely  to  be  most  fruitful  in  the  reduction  of  our 
general  results  to  practice. 

Devices  such  as  delay  lines  and  pulse  eind  code  generators  are  best 
characterized  in  the  time  domain,  vhile  resonators  ana  filters  are  best 
treated  in  the  frequency  domain,  our  networks  are  valid  ana  apt  for 
uotii  descriptions,  out  here  we  siiall  foexos  our  attention  ipon  filters  to 
illustrate  tne  ideas  of  this  dissertation.  Afpilications  to  tiie  other  areas 
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inaicatea,  as  well  as  to  related  topics,  sudi  as  frequency  discriminators, 
is  relatively  straigntforwara. 

A.  iJouble-Resonance  Filter  Crystals. 

Tne  first  structure  we  will  oiscuss  is  perhaps  the  siiiplest  of  its 
kinu.  This  is  tlie  Ld'lM-driven,  traction-free  resonator  possessing  two 
excitable  mooes  having  frequencies  close  to  one  another.  The  configuration 
consists  of  a single  plate  and  it  is  used  as  a one-port  oevioe.  A filter 
woulu  be  constructeu  from  two  of  these  elements,  arrangeo,  for  exanple, 
as  a half-lattice  (23,25,2fa).  In  this  arrangement  tlie  passband  consists 
of  ttiose  regions  where  the  reactances  of  the  two  arms  are  opnosite  in 
sign.  Mason  u Sykes  (ISO)  oescribe  lattice  filters  ccrposeu  of  more  tlian 
one  crystal  in  each  arm;  in  our  case  eacii  single  plate  is  equivalent  to 
two  conventional  filter  crystals  because  of  the  use  here  of  two  of  the 
three  tiiickness  modes  in  the  plate,  une  can  make  use  of  this  effect  to 
reauoe  tiie  nunber  of  crystals  required,  or  to  increase  the  filter  per- 
formance oy  improving  the  shape  factor  or  in-band  ripple.  Alternatively, 
it  can  be  used  to  increase  tne  bandwidtii  beycna  what  could  be  accom- 
plisnec  witli  a resonator  leaving  a single  reson£ince  of  the  same  strengtli. 

This  last  ^plication  is  premising  with  the  use  of  crystals  having  iiign 
piezoelectric  coupling  factors,  such  as  the  refractory  oxices  now  being 
investigatea  (181,186). 

Altnougii  quartz  does  not  possess  high  piezoelectric  oouplinq,  so 
tnat  wioe  band  qiuu:±z  filters  are  not  achievable  without  additional 
circuit  elonents,  its  physical  properties  are  well  known.  For  tiiis  reason 
we  will  use  it  to  illustrate  tlie  oouble-resonance  filter  application;  tlie 
discussion  is  readily  applied  to  any  otiier  suitable  substance.  In  quartz, 
tiie  stiear  anu  quasi-shear  frequencies  approach  one  another  for  rotateu 
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Y-cuts  (YXl)  d , where  9 is  approxijnately  -24.  Plates  of  substantially 
tnis  orientation  may  oe  uriven  in  in  sucli  a way  that  the  two  inodes 

of  interest  are  of  eqiaal  strength  (214) . 'ihe  quasi-longitudinal  mocte 
is  also  uriven,  but  is  about  18%  higher  in  frequency  and  can  be  neglected 
for  our  purposes. 

A plate  with  electrodes  attacheu  for  apnlying  tiie  lateral  field  is 
shown  in  Fig.  40.  'ihe  angle  "'f  measures  the  field  oirection  witn  respect 
to  the  "z!  axis,  by  changing  , the  effective  cotpling  factors  of  the  two 
modes  may  oe  altered  according  to  the  graph  of  Fig.  41,  vAiich  shows  the 
two  coefficients  to  be  equal  vhen  y = 34  for  a plate  cut  to  0 = -23  50. 

Given  on  tlie  right  of  Fig.  40  is  the  bisected  form  of  the  equivalent 
network  of  the  plate,  whicri  follows  frcm  our  general  results,  almost 
by  inspection,  'ihe  complete,  oisecteo  nedvork  of  Fig.  19  nas  been  nere 
reuuoeu  oy  making  one  of  the  turns  ratios  equal  to  zero.  In  order  to 
take  into  account  tiic  neglected  third  mode,  the  value  of  ^ ma>'  be  aug- 
menteu  oy  the  capacitance  value  presenteu  to  tne  input  oy  the  third  trans- 
mission line  at  the  frequencies  of  interest,  vhich  are  near  the  ncminal 
filter  center  frequency,  'rhis  capacitive  effect  is  negliqible  for  the 
present  case,  out  might  not  oe  tor  a substzmoe  with  a liiah  oounling 
coefficient  for  tne  third  mode.  In  uesiqning  tne  filter,  it  is  usually 
easiest  to  think  in  terms  of  the  equivalent  network  paraneters,  and 
tiien  to  interpret  tiiese  further  in  terms  of  the  underlying  fihysics. 

For  example,  the  lattice  filter  mentioned  above  might  ue  designed 
as  follows.  Since  the  passband  consists  of  the  region  where  the  react- 
ances or  susceptances  of  the  two  arms  differ  in  sign,  the  crystal 
elements  can  be  made  so  that  they  each  possess  equally  si^aoed  poles  anu 
zeros,  the  first  zero  of  one  crystal  plate  coinciding  with  the  first 
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tiole  of  tiie  oti\er.  To  arranqe  the  equal  spacinq  of  the  polos  anu 
zeros  of  eadi  plate  requires,  for  a yiven  total  fractional  bancwiath, 
that  the  input  reactance  or  susceptanoe  functicn  determineo  from  the 
network  of  Fig.  40  be  solved  for  the  tiiree  values  , k^*^  anu  (v  /v^^) 
tnat  simultaneously  acoonplish  tjiis.  It  is  almost  manoatory  that  this 
be  uone  by  oonputer.  The  resulting  values  may  or  ma\'  not  be  achievable 
with  the  substance  chosen;  this  is  uetermincd  by  reference  to  curves 
such  as  tiiose  in  Fig.  41  ana  tiie  oorresponding  set  for  the  velocities, 
once  the  velocity  ratio  is  kncwn,  tlie  angle  9 can  be  chosen,  anu  when 
this  has  been  picked,  a value  of  Y can  also  be  chosen.  A limitation  of 
the  technique  is  tnat  k^  ^ and  k^^^  caiinot  oe  chosen  indepenoently . 

after  a normalizeu  oesign  has  been  arriveu  at,  tlie  absolute  fre- 
quency is  fixed  by  tiie  choice  of  the  plate  tliickness  2h.  Figure  42 
shews  a graph  of  the  cerputer-generateu  reactance  function  for  rotated 

0 9 . ® 

Y-cut  quartz,  (YXZ  ) -'22  50,  usinij  t = 34.  The  reactance  has  been 
normalized  to  the  reactance  of  ^ at  the  frequency  of  the  lower  shear 
mooe;  tnis  frequency'  is  used  to  normalize  the  abscissa  scale  also.  In 
this  case  the  pole- zero  sf^acings  are  nearly  enual  when  the  two  ootplirp 
factors  are  equal.  The  total  fractional  bandwiuth  is  only  about  0.2% 
acre,  wtiicii  is  a factor  of  four  smaller  tJian  can  oe  attained  by  tiie  use 
of  /d'-cuts  of  quartz  alone,  out  is  serves  as  an  illustration  of  tiie 
principles  involved  for  more  practical  designs  based  upon  stron.7ly  piezo- 
electric materials.  The  requirements  imposed  by  the  filter  network  are 
readily  interpreted  uy  reference  to  tiie  crystal  equivalent  circuit  para- 
meters , which  are  tiien  determined  frem  material  constants  ano  dimensions . 
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FIG.  42.  NORMALIZED  INPUT  REACTANCE  OF  ROTATED  Y'CUT  QUARTZ 
PLATE  (YXi)  - 23*50‘,  IN  THE  VICINITY  OF  RESONANCES  OF 
THE  SHEAR  8 QUASI -SHEAR  MODES.  LETM- DRIVEN  BY  A 
FIELD  34*  FROM  THE  Z‘  AXIS. 


Ihis  section  is  uevotea  to  a structure  that  is  sa«3vrtiat  more  oom- 
piicatea  than  the  oouble-iasonance  crystal  just  oonsidered.  It  has. 
However,  possibly  much  qreater  potential  for  practical  device  realization, 
ihis  structure  consists  of  a two- layer  stack  of  plates  in  welciea  contact, 
uriven  in  'IKIM.  We  nave  mentionea  tliis  oonfiquration  in  Section  VI  b 
in  connection  with  the  interface  networks  shown  in  Fia.  25  ff,  anu  will 
nake  use  of  sane  of  that  uiscussion  in  tiie  exarnole  we  sliall  give  oelow. 

In  contrast  to  Secticn  A,  wc  now  nave  two  plates,  instead  of  one,  and 
will  consider  six  mooes  instead  of  two;  tne  uevioe  will  be  operated  as  a 
two-port,  anu  will  be  Vn'i:!-  uriven.  Witli  these  increaseo  complexities 
it  woulu  be  naru  to  uerive  much  benefit  from  any  out  a most  extented 
uiscussion,  so  we  shall  introduce  a few  comncnsatinfj  simplifications  to 
enable  us  to  see  tlie  outlines,  at  least,  of  the  workinc^s  of  this  class 
of  oevices. 

oefore  any  sunplifications  are  ;iade,  we  will  uiscuss  the  problem 
oriefly  in  qenerai.  n sketch  of  the  plate  arranqcarent  is  given  in 
Fig.  4J.  Where  the  field  orientation  provided  a oegree  of  freeciom  in 
the  example  of  the  first  section,  the  relative  rotation  of  the  plates 
about  the  conmon  Xg  axis  similarly  provides  a means  of  investigating 
the  effects  of  dianges  in  tlie  mechanical  interface  transformer  turns 
ratios  in  the  present  case,  ihe  angle  ''f'  is  now  taken  to  measure  the 
relative  rotaticHi  of  the  two  plates  fran  seme  fixeu  origin.  'Ihe  TLTM 
uriving  arrangement  consists  of  three  electrodes,  one  at  each  of  tl\e 
traction- free  surfaces,  and  one  at  the  weldea  interface,  ‘ihe  input  and 
output  Ccin  be  taken  in  a nunber  of  ways;  we  siiall  consider  the  central 
electrooe  as  cannon  to  both  input  and  output. 
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In  this  configuration  we  have  a frequency  selective  device  composea 
of  two  strata  v\herein  the  three  inodes  of  each  layer  are  pennittea  to 
interact  witli  eacii  other  via  tlie  mechanical  boundary  conditions,  i-lutual 
shielding  or  packaging  is  not  roquirea.  Ihe  device  is  inherently  robust 
oecause  of  its  integral  construction,  and  also  lends  itself  readily  bo 
miniaturization.  In  fact  there  is  no  reason  why  integral  crystal 
filters  of  tliis  type,  with  two  or  more  layers,  could  not  be  made  oan- 
pletely  ooipatible  with  integrated  circuit  technology. 

Our  illustrative  example  consists  of  oomputer  simulated  attenuation 
response  curves  of  a two- layer  integrated  filter  device.  Havinn  tiie  ^ 
overall  iapeeance  matrices  for  each  layer,  as  given  in  Qian ter  V,  it  is 
not  difficult  to  ootain  the  two-f-ort  imiiedance  matrix  between  tne  electri- 
cal ports  of  tne  two-layer  stack,  'ihe  top  and  bottom  faces  of  tiie  plates  I 

j 

are  traction-free,  so  that  the  transmission  lines  representing  tiie  plates 

are  shorteo  nere,  while  tiie  tnree  internal  meciianical  ports  of  each  plate  | 

are  connected  txigether,  leaving  only  the  electrical  ports  unconnected.  j 

Matrix  methods  pertinent  to  tiie  interconnection  of  networks  may  be  found 

in  (18  4.  21)  ; we  uo  not  consider  tliese  details  nere  but  pass  on  to  the 

■ 

attenuation  function,  n(ob) . ! 

i 

unce  the  interconnected  networks  have  been  characterized  by  a two- 


liecause  our  circuit  impeoanccs  are  all  purely  reactive,  A(dB)  is  given 
by  the  same  expression  witii  reactance  written  for  imoeoanoe,  anu  the  sign 
of  det  Z aiangeu. 

We  are  now  reaoy  to  choose  the  materials  to  be  usea  for  tiie  layers. 
Again,  because  of  tlie  ocrpleteness  with  vAaich  its  material  constants  are 
known,  ana  because  it  preserves  so  rnar^  connections  with  currently  usea 
oevioes,  we  pick  quartz.  Specifically,  botii  plates  are  chosen  to  have 

O 

precisely  the  same  orientation,  that  of  the  AT-cut:  (YXi)5  , 0 = +35  15 

This  nas  four  major  consequences.  First,  the  behavior  of  sinale  plates 
of  this  cut  is  universally  known,  so  that  our  filters  can  be  contrastea 
with  known  results  for  quartz  filters  of  standard  construction.  Second, 
the  selection  of  the  same  cut  makes  tlie  eigenvalues  of  both  plates  equal, 
so  that  the  critical  frequencies  of  each  plate,  taken  s&jarately,  are  in 
the  same  ratios,  'ihird,  the  lower  shear  mode  is  a pure  mode,  so  that  the 
interface  network  is  sinplifiea.  Finally,  only  the  pure  shear  mode  in 
each  plate  is  arivable  , so  the  piezoelectric  interconnections  are 

siTiplifieu. 

We  nventioned  in  Section  VI  b when  describing  Fig.  34,  tliat  it  could 
be  used  to  represent  the  mechanical  interface  transformer  neti^rork 
between  two  rotated  Y-cut  plates  of  quartz.  Ihe  entire  discussion  given 
there  is  pertinent  to  our  application  now,  since  the  /fl’-cut  is  a member 
of  tliis  family.  Figure  34  describes  dhe  mechanical  network  \<>e  consider 
here,  with  tlie  piezoelectric  connections  made  only  at  ports  (1)  anu  (4) 
of  tiie  interface  ana  at  die  traction-free  plate  surfaces.  Because  both 
plates  liave  the  same  orientation  angle  0 , tiie  corresponding  transmission 
lines  on  each  side  of  tiie  figure  arc  identical.  When  the  relative  rota- 
tion antjle  is  zero,  the  device  becomes  icientical  witli  a single  jilate 
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of  quartz,  except  for  the  central  electrode.  The  mechanical  network 
then  uegenerates  into  a set  of  tliree  direct  feed-tlirouqhs . When  rj^O  , 
the  network  of  Fig.  34  is  appropriate  ana  the  moaal  matrix  ootiponents 
governing  tne  transfonier  ratios  on  the  riaht  hana  sicie  are  then  functions 
of  ''f  if  tiae  x^  axes  of  the  crystal  on  the  left  iianu  sioe  is  diosen  as 
the  referenoe  set. 

The  final  simjilifications  are  tliat  tae  plates  are  of  equal  thickness, 

/Z7T  — do  o mHz, 

I anu 

I 

j ^ = d.  / C Ci^i  Co)  = So  I 

I j 

I where  is  the  angxilar  frequency  at  which  the  reference  plate,  taken  j 

i i 

I alone,  has  its  first  achiittanoe  zero.  The  caiiacitance  Co  refers  to  the  j 

I 

shunt  capacitance  of  a single  plate. 

The  effect  of  makinj  the  plates  to  be  of  equal  thickness  is  to 

I force  tne  frequencies  of  botli  plates  to  be  tlie  same,  so  that  only  tiiree,  j 

1 < 

anu  not  six  modes  have  to  be  considered.  Tliis  restriction  is  the  first  j 

[•  1 

I which  should  be  lifted  in  a continuation  of  the  work  aescribed  here;  j 

I two  plates  whose  tliickness  differ  by  a few  percent  can  be  expectea  to  j 

exhibit  a narrow-band  filter  cSiaracteristic.  ^ 

k 

Using  clLI  of  the  above-mentionea  simplifyinq  assunptions  we  are 
left  witii  results  that  are  easily  described  anu  analyzed.  The  conputer- 
generated  ou^ut  is  plotted  in  Fig.  44.  Frequency  normalized  to  oi|  is 

O 

used  as  ti^e  abscissa.  Curves  are  presented  for  the  three  angles  = 0 , 

o O o 

4 ana  a.  When''<^  = 0 , the  stack  appears  as  an  asynmetrically  driven 
single  plate  of  tTiickness  41i,  ana  because  of  the  lacJ;  of  syimetry,  tiie 
stack  possesses  resawices  at  integer  values  of  JIl  . The  only  driven 


mode  is  the  Icwjr  shear  mode  whicli  is  a pure  :iode.  Hence  tliis  mode  is 
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caipletely  uucxJipled  f ran  tiie  otiiors , so  that  any  resonancxss  uue  to  tnern 

j 

, O 

(JO  not  appear  in  tine  attenuation  iunction.  In  ootii  cases  wtiereV  ^ 
the  attenuation  has  ixDies  at  Ji  = 1.000,  1.142  ano  2.105,  aorres!X>nuin.i 
to  roual  velocities  v , of  3.32\,  3.800  and  7.007  xlO  meters/seoona. 

If  tne  plate  thiciaiesscs  iiad  ixjt  oeen  ivauc  lanual  tiiis  cxirresrxjnuenae 
woulu  iiave  been  uestrcri’ea , anu  aii  ir.iportant  dnecl;  ooulu  not  be  mace. 

/ui  eas\'  way  to  exjilain  tlic  presence  of  tiie  joles  is  to  reooqnize  that 
ever^’  tiine  a transndssion  line  Ljccranes  one  half  wavelenath  lonq,  tine 
short  circuit  at  tiie  traction-free  bouncary  appears  across  the  otiier 
enu  of  tine  line  and  uncouples  tlie  two  plates. 

.'lOtice  that  although  tine  poles  are  fixeu,  tine  shape  of  tine  curves 
i;ay  uc  anangeu  by  varyinq  , so  tinat  one  has  a simple  means  of  obtain- 
ing different  tilter  responses.  Although  tine  purposes  of  our  illustra- 
tion are  to  indicate  nnow  uevicaes  pased  on  tlneso  principles  might  operate 

anu  to  provicjc  em  exaaple  tnat  is  still  quite  simple,  anu  reauily  inter- 

1 “ ® 

preteu,  tine  resulting  curves  for  "Y  = 4 anu  8 are  alreauy  reasonaole 
wiue  pane  filter  resixnnses  in  Pne  rcuion  just  uelow  SL  = 2 . i-iemoving 
tne  restriction  to  equal  plate  tinicknesses  will  also  permit  narrow  bana 
filters  to  be  uesi^jnea  as  intctjral  filters. 

Ihe  possible  filter  responses  available  for  even  the  simplest 
two- layer  structure  are  very  large,  bven  if  the  plates  are  restricted 
to  a single  i;\aterial,  each  plate  cut  is  specified  bv’  tiiro  angles  anu  tine 
mutual  rotation  angle  betweenn  tine  plates  makes  five  disposable  para- 
neters  to  v>hich  must  be  added  the  ratio  of  tine  plate  thicknesses.  A 
large  area  for  investigation  is  present  here.  tiXtensions  to  structures 
cuiiiixDseu  of  more  than  two  plates , anu  tine  use  of  different  materials  for 


I 


2 


eaai  of  tiie  plates  furtiier  widens  the  possibilities  of  these  devices  for 
trequenci’  selection  and  control. 
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Appendix  A 

'i'he  results  we  obtained  in  Chapter  III  are  valid  for  ILIM-driven 
plates  of  any  piezoelectric  crystal.  It  is  uesirable  to  go  a little 
iiore  into  specific  cases,  because  this  permits  us  to  see  vbere  simpli- 
fications nay  arise,  and  to  determine  certain  similarities  among 
classes  of  crystals.  For  a general  background  to  the  subject  of 
crystal  classes,  and  hew  crystal  symmetry  appears  in  the  term  schemes 
for  the  material  constants,  references  (203-206)  may  be  consulted; 
additional  pertinent  references  are  (15b-lb0,  166,  179  it  180).  For 
neasureA values  of  these  constants,  see  (181  & Ibb) . 

We  mentioned  in  Qoapter  II  tiiat  tables  would  be  given  in  the 
A y Z frame;  this  referred  to  this  appendix  and  to  T^penoix  B. 

Of  the  thirty-two  crystallographic  point  groups,  or  crystal 
classes,  twenty  are  piezoelectric.  Ihese  are  listed  in  Table  A-1. 

All  of  tiie  piezoelectric  term  schemes  for  these  classes  are  different, 

c 

with  the  e^^ptions  that  the  following  classes  share  the  same  schemes : 
9 It  21;  12  i 24;  13  ii  25;  and  28  & 31.  It  might  seem  that  all  of 
these  oombinations  would  lead  to  a great  deal  of  variety  in  tlie 
possibiiitiejs  for  piezoelectrically  driving  various  modes,  and  in  tiie 
oovpling  which  exists  between  the  different  motions,  and,  indeed, 
tiiere  is  variety  enougli,  iTOwever,  it  is  not  overly  difficult  to  sort 
it  out  in  simple  cases. 

This  is  where  it  is  much  more  advantageous  to  use  the  Christoffel 
procedure  that  was  described  earlier.  We  luive  used  it  in  Table  A-2, 
where  a breakdown  is  given  of  the  betiavior  of  the  different  crystal 


classes  for  plates  cut  witli  the  thicicness  direction  alonci  eitiier  tlie 
X,  Y or  2.  axis  ana  oriven  by  TL/ii-i.  Ihc  table  is  ornanizcc  accoruin-j 
to  which  is,  or  wixich  /I  are,  driven  by  tlie  tiiiciuiess  field, 

and  wlaat  type  of  coi^^ling  occurs . When  uisplacaiientn  are  oounled  by 
elastic  constants,  and  only  one  off-oiagonal  is  involved,  it  is 

given  in  parentheses,  it  is  seen  tnat  vdiatcver  iiai)i)oris  to  an  X-cut  of 
a certain  crystal  class,  £ilso  iiapi-ens  to  a Y-cut  of  tjiat  class,  wiiile 
a Z-cut  fnay  or  ;ray  not  be  sLiiilariy  placed  in  the  tai.>le.  ihc  sole 
occipant  of  the  "Piezo"  ooluinn  was  noted  bv  hectuaarui  (45)  . 

In  'iables  A-i  to  A-22  are  given  norc  detailed  infon.ation  re'jaroing 
piezoelectric  excitation  of  various  cuts  of  eaai  of  tie  bvcnt\>  t)iczo- 
electric  classes,  'ihe  quantities  arc  essentially  tiie  factors  vyrf^.idi 

oetenriine  whiai  fV  is  driven,  'ihesc  are  given  for  uiirotatcd  X-  , 

Y-  , aid  Z-  cuts ; also  for  rotated  Y-  ana  rotated  X-  cuts , anc;  for  a 
Y-  cut  rotated  about  tiie  Z axis;  finally,  tiiey  are  given  for  tlie  uost 
general,  uouoly  rotated  cut.  a finite  value  is  indicated  b\'  a cncck 
iiiark. 

by  tne  use  of  tiiese  taolos,  it  is  txissible  to  see  at  a glance  vdiat 
crystal  cuts  of  a given  class  nay  be  excited  oy  I'L'rTI,  anc:  whicii  r'.v 
is  driven.  Concerning  tais  last  point,  it  turns  out  that  in  tiic  majority 
of  cases  (''none'  ooluiiin  of  Tabic  /i-2)  , tiic  T"  are  the  norral  iroces 
directly,  dhen  ooi^ilincj  is  present,  tiiis  is  no  lonner  true,  but  it  is 
frequently  tiie  erase  that  tne  oorpling  is  not  very  lame,  and  tiic 
arc  "nearly  the  normal  modes,  and  tiicrefore  one  nay  loosely  s:xi;i>.  of 
tiier..  oeing  separately  uriven. 
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Appendix  B 

'Ihe  contents  of  this  ^pendix  are  intended  to  supplement 
Chapter  IV,  as  i^^^endix  A supplements  Chapter  III. 

Pdr  each  of  the  piezoelectric  crystal  classes  given  in  Table  A-1, 
we  present  the  excitation  coefficients  Z i , apaearing  in  the  Ghristoffel 
fomulation,  which  are  responsible  for  LLTI-l-  orivinq  a given  moce. 

Ihese  coefficients  are  given  in  Tables  B-1  throi;Qh  B-20. 

As  the  lateral  azimuth  provides  an  extra  degree  of  freedom,  not 
present  for  TLTM,  the  tables  are  somewhat  more  involved  than  the  TLTM 
counterparts.  Ihe  sane  variety  of  cuts  is  represented,  shown  in  the 
top  row  of  each  table.  Along  the  bottom  are  two  rows,  which  give  the 
direction  cosines  eind  , of  the  plate  and  of  the  impressec  electric 

I 

field,  respectively,  that  are  finite  in  each  instance. 

Ihus,  for  exaiple,  the  rotated  Y-cut,  designated  {yai  )6  has 
and  finite,  and  there  are  three  separate  choices,  within  this 

I 

heaoing,  for  the  direction  cosines,  t , of  the  lateral  field:  f , ■ 

finite,  with  f^  and  f j zero;  f^  and  fj  finite,  with  fj  zero; 

finally,  all  three  f^  may  be  finite.  The  niay  be  zero  or  finite 

depending  upon  the  peurticular  choice.  A finite  value  is  represented 

by  a checkmark. 
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